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Abstract

Existing theoretical guarantees for message
passing neural networks (MPNNs) assume
deterministic node features. We address a
more realistic scenario where noise or finite
measurement precision introduces uncertain-
ties in node feature values. First, we quan-
tify uncertainty by propagating the moments
of mnode-feature distributions through the
MPNN architecture. To propagate moments
through activation functions, we use the Tay-
lor expansion and the pseudo-Taylor poly-
nomial expansion. We then use the result-
ing node embedding distributions to analyt-
ically derive probabilistic adversarial robust-
ness certificates for node classification tasks
against L2-bounded perturbations of node
features. Second, we model node features
as multivariate random variables and intro-
duce Feature Convolution Distance (FCD),),
a pseudometric based on the Wasserstein dis-
tance. FCD, corresponds to the discrimi-
native power of MPNNs at the node level.
We show that MPNNs are globally Lips-
chitz continuous functions with respect to
the pseudometric FCD,. Using the cov-
ering number of the resulting pseudomet-
ric space, which is a subset of the Wasser-
stein space, we derive generalization bounds
for MPNNs with uncertainties in node fea-
tures. Together, these two complementary
approaches—moment propagation for adver-
sarial robustness and FCD,, on the subset
of the Wasserstein space for generalization—
establish a unified theoretical framework that
comprehensively addresses MPNN reliability
under node feature uncertainty.
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1 Introduction

Message Passing Neural Networks (MPNNs) are pop-
ular methods for applying machine learning to graph-
structured data and have strong performance on
graph-, edge-, and node-level tasks (Chami et al., 2022;
Hu et al., 2020; Hamilton, 2020). MPNNs take as in-
put a graph structure and node (and/or edge) feature
vectors. They employ a recursive neighborhood ag-
gregation scheme that produces node (and/or edge)
embedding vectors (Gilmer et al., 2017; Scarselli et al.,
2008). Most existing MPNN formulations assume that
the node (and/or edge) features are deterministic vec-
tors. In practice, however, features are often uncer-
tain due to inherent noise or finite measurement pre-
cision (Peel et al., 2022; Ju et al., 2025). Thus, ap-
proaches that quantify uncertainty in MPNNs are use-
ful (Wang et al., 2024; Zhang et al., 2024). This pa-
per addresses uncertainty quantification in MPNNs for
node-level tasks.

First, we assume Gaussian node-feature distributions.
We adopt the Gaussian assumption for three main rea-
sons. First, it is the maximum entropy distribution
given the first two moments, making it the least biased
assumption when higher-order moments are unknown.
Second, it ensures computational tractability, allowing
for efficient propagation. Third, it aligns with stan-
dard practices in the uncertainty quantification litera-
ture (Sullivan, 2015; Soize, 2017; Wright et al., 2024;
Zhang and Ching, 2025; Wang et al., 2024). We prop-
agate these moments exactly through linear message-
passing operations, and approximately through non-
linearities using Taylor expansion and pseudo-Taylor
polynomial expansion (PTPE) (Zhang and Ching,
2025) of nonlinear functions. In this way, we obtain
moment approximations of the node embedding distri-
butions. Using these embedding distributions, we es-
tablish probabilistic adversarial robustness certificates
for feature perturbations in Lo-norm. Our approach
provides formal robustness guarantees that are lacking
in current (mostly) heuristic defenses against pertur-
bation attacks on node features.
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Second, we define a Wasserstein distance-based pseu-
dometric, the Feature Convolution Distance FCD,, in
the input space of nodes to analyze the generalization
guarantees of node-level MPNNs with stochastic node
features. Here, we use the Simple Graph Convolution
(SGC) model (Wu et al., 2019), which is an MPNN
without nonlinearities that balances efficiency, inter-
pretability, and performance. We show that FCD,, is
a pseudometric that satisfies the non-negativity, sym-
metry, and triangle inequality axioms. FCD, incor-
porates the structural updates enacted by SGC and
achieves discriminative power equivalent to that of the
SGC and SGC with output nonlinearity. By establish-
ing Lipschitz continuity for the SGC architecture with
respect to FCD,,, we lay the foundation for the rig-
orous analysis of generalization guarantees. Notably,
our framework remains consistent when handling de-
terministic features, thereby unifying stochastic and
deterministic scenarios within a single framework.

Third, we introduce a novel framework for ana-
lyzing covering number—based generalization error
bounds (Xu and Mannor, 2012) in the setting of multi-
class node-classification task in the inductive learn-
ing scenario with noisy node features for the SGC
with output nonlinearity. We derive an explicit upper-
bound on the Wasserstein distance between the proba-
bility measures of the population and empirical losses.
A central ingredient of our analysis is establishing com-
pactness of the space of Gaussian measures induced
by node-level structural updates under the Wasser-
stein distance and characterizing the associated cov-
ering number. Building on this foundation, we lever-
age the Lipschitz continuity of SGC with respect to
the proposed pseudometric FCD,, and Lipschitzness
of the loss function to formalize algorithmic robustness
of the learning algorithm, which serves as a key step in
deriving the generalization error bound in this setting.

Finally, we validate our theoretical predictions in ex-
tensive numerical experiments on synthetic and real-
world graph data.

Contributions.

e We consider graphs with stochastic node fea-
tures and derive analytic representations for the
first two moments of distributions associated with
features after propagating the random vectors
through MPNNs. We derive probabilistic ad-
versarial robustness guarantees at the node level
by obtaining per-node certified radii against Lo-
bounded feature-perturbation attacks.

e We introduce FCD,,, a Wasserstein distance-based
pseudometric to compare nodes. We demon-
strate that FCD,, provides global Lipschitz con-

tinuity between the input and embedding spaces.
Moreover, FCD,, exhibits the same discrimina-
tive power as the distance between probability
distributions of random variables transformed by
SGC with nonlinearity. We derive generaliza-
tion bounds based on the covering number for the
node-classification task in the inductive learning
scenario.

e We provide experimental results that evaluate
the performance of moment propagation, demon-
strate the resulting certified adversarial robust-
ness radii, and provide estimates of the general-
ization bounds for the task of node classification.

The remainder of the paper is organized as follows.
Section 2 provides background information. Section 3
quantifies uncertainty in node features by propagat-
ing moments of distributions and obtains adversarial
robustness guarantees against Lo-norm perturbation.
Section 4 derives generalization bounds based on the
covering number. Section 5 presents our experimen-
tal results.! Section 6 reviews related work. Section 7
summarizes the paper.

2 Background

Graph Convolutional Network and Its Vari-
ants. Graph Convolutional Network (GCN) (Kipf
and Welling, 2017) is a widely used MPNN architec-
ture. A GCN with L layers on a graph with n nodes is
defined by the following recursion for [ € {1,--- , L}:

X+ — a(SX(l)W(l)), (1)

where S = (I,, + D)~Y/2(I,, + A)(I, + D)~/% € R"*n
is the structural update matrix defined in terms of
the adjacency matrix A € R™*"  the diagonal matrix
of node degrees D = diag{d;,- - ,d,} € R"*" and
the n-dimensional identity matrix I,,. We denote the
Ith layer’s weight matrix as W e Rftxfix1 The
matrix X € R™*/t contains the f;-dimensional node
features at layer [, and the features at [ = 0 are the
input features. The point-wise nonlinearity o can be
any Lipschitz continuous function.

In the absence of nonlinearities, all weight matrices
can be combined into a single matrix W € Rfoxfr,
The resulting architecture is called the Simple Graph
Convolution (SGC) (Wu et al., 2019)

X =0o(x©) =stxOw, (2)

In addition to the linear SGC architecture O(-), we
also consider a version ©(-) = ¢(O(-)) with a single
output nonlinearity o, which is useful when SGC is
applied to node classification.

!Code: https://doi.org/10.5281/zenodo.19211677



Alesia Chernikova, Moritz Laber, Narayan G. Sabhahit, Tina Eliassi-Rad

Wasserstein Distance. Optimal transport defines
the p-Wasserstein distance W), for p € [1, 00) between
two probability measures P¢ and Pgs on R as

W, (Pe, Per) =

1/p (3)
it ([ re—eraee)

where v is a coupling, i.e., a distribution on R x Rf
that has P¢ and P/ as its marginals. In the deter-
ministic case where Pg, P are Dirac measures, the
Wasserstein distance reduces to the Ly-norm.

e-cover and Covering Number. An e-cover of a
subset T of a pseudometric space (X, d) is a set Tcx
such that for each t € T, there is a £ € T' such that
d(t,t) < e. The e-covering number of T is defined as
follows (Xu and Mannor, 2012)

N(&T;d) = min{|T| : T is an e-cover of T}.  (4)

Learning Model and Generalization Error.
Given the set of training samples Z, the learning
model picks a hypothesis h from a set of hypothe-
ses H. Let Ag denote the hypothesis learned given
the training set S. In the inductive learning scenario,
a learning algorithm A receives as input a training
sample S = {(z;,y;)}Y, C Z drawn i.i.d. from an
unknown distribution x on Z, and outputs a hypoth-
esis h = As € H. Given a bounded loss function
£:HxXxY — RT, the expected risk and the empir-
ical risk are defined as follows (Vasileiou et al., 2025b)

Eexp(-AS) = E(m y) NK[ (AS, € y)] (5)

and

Zé As,l’q’yz (6)

emp -AS

respectively. The generahzatlon error is then defined
as the absolute difference between these two functions,

[lexp(As) = Lomp(As)|-

3 Robustness Certification

We begin by establishing a principled framework for
tracking the propagation of uncertainty of node fea-
tures through the layers of an MPNN. We assume
that node features are modeled as Gaussian random
variables, and we show how their means and covari-
ances evolve under the structural updates, linear trans-
formations, and nonlinear activations of the network.
Therefore, we precisely characterize how uncertainty
is transformed at each layer. This analysis forms the
statistical foundation for our adversarial robustness
guarantees against Lo-norm feature perturbations, and
naturally extends to higher-order moments and more
general distributions.

3.1 Moments Propagation

Here, we provide expressions for the propagation of
the first and second moments of the Gaussian input
feature distribution through a GCN. We consider node
embeddings at each layer [ (including input features

at [ = 0) as random variables El(»l) € R7 for each node

v; € V. For ease of notation, we define the vector

"l
5() = [ (11)7--~7€§f)r € R™t by concatenation. We

emphasize that this setup allows for linear correlation
between features at the same node, as well as between
features at different nodes. We use A ® B to denote
the Kronecker product of two matrices A and B.

—(1),s
The embeddings .ﬁ() after the structural update

are

=(1),s -(1-1)
§ =Bl ,)E (7)

where Iy,_, is the f;_;-dimensional identity matrix.

. 2(0),
The random variable &
ua(” s and variance Ew) s

has the following mean

g, = =(S® Ifzfl)ugufm

Sewe = (8@ I, _,)Bga-n(S®Ip_)".

(8)

where Mg(l—l) and X - are mean and variance of the
(-

embeddings & (
(1
update yields embeddings & 2

(1), w -

1
) at the previous layer. The weight
" defined by

().
: (9)

where I,, is the n-dimensional identity matrix. The
mean and the variance of this random variable are
given by,

Hg.w = =, ® W(l))ﬂéu»s,

Eg(l)nu =, ® W(l))Egz),s (I, ® W(l))T,

(10)

—(1),e
Finally, the embeddings & @ after the nonlinear up-

date are
=(1),e (1), w
R (s ) , (11)

where o is applied elementwise.

Moment propagation through nonlinear functions can-
not, in general, be solved analytically. We replace the
function ¢ by its Taylor expansion around the mean
Hg.w and apply an appropriate moment closure. In

Appendix B.1, we show that

~Gt s 12)
Hgw.e N G+ 58 (
where, & = U(/J,E(z).w), Gy = 0”(/%(1),“)) o diag(X g0 )s

and o is the Hadamard product, ¢” is the second
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derivative of o (as a function on real numbers) applied
elementwise and diag(ZEu%w) is the vector of diago-

nal entries of ¥.u),». And, using Isserli’s Theorem to
perform moment closure, the covariance, 3 FOK is

o T .
Yow,e R ga’ + 81 © Eg(z),w 0 57

3
+% (557 + 5267)
L. . . (13)
+Z (8252 +25 (Egm,w ° ng,w) 81)
_,LLE(Z)»GM-EE(Z),E?

where §; = ¢’ (,ugu),w) is the first derivative of o.

Alternatively, one can employ other methods such as
PTPE (Zhang and Ching, 2025), or apply a multivari-
ate Taylor expansion to the entire MPNN. We present
these alternatives in Appendix B.

3.2 Probabilistic Adversarial Robustness
Certification

Robustness to feature perturbations is a desideratum
for graph machine learning architectures. Knowing
the moments of the distribution of the random vari-
able representing the logits allows us to certify the ro-
bustness of MPNNs for node-level classification tasks
against Lo-norm feature perturbations. We denote the
random variable of node logits &7 € R/t and its mean
as gz and covariance as Yg:, and use an additional
indices y or y* to refer to entries pertaining to any
class or the true class, respectively.

Theorem 1. An MPNN for node classification tasks
is robust against Lo-norm feature perturbation ||A|| =
€ with probability at least 1 — ¢ if

fez, — /S, 5 (14)
V2C ’

where § = Zy dy. Oy 1is the probability of misclassi-
fying class y. /15?,1, = pgz , — ez, is the mean and

i,y*

€ < min
y#£Y*

Yigz = Xz yryr + Dgz gy — 20¢z 4y 1S the variance
of£ the ranfl;)gz z;narging})jfween thgé ’l?i)gyit associated with
true label class y* and logit element associated with any
other class label y # y*. C is the Lipschitz constant of
the GCN.

The proof of the Theorem 1 is in Appendix C. The
theorem establishes a certified adversarial robustness
radius: a probabilistic guarantee of how far one can
perturb node features without altering the predicted
label. This connects the moment propagation analy-
sis to an actionable robustness certificate. It demon-
strates that incorporating uncertainty into the theoret-
ical analysis does not just describe noise propagation,

but also leads to practical, quantitative safety guaran-
tees for node-level classification tasks.

4 Generalization Guarantees

To study the generalization behavior of MPNNs un-
der node feature uncertainty, we require a princi-
pled notion of distance between nodes whose features
are random variables with associated probability mea-
sures (rather than deterministic vectors). We propose
a novel pseudometric FCD,,, which compares nodes
via the Wasserstein distance between the probability
measures of their MPNN structural updates. This
pseudometric not only induces Lipschitz continuity for
MPNNSs, but also enables the derivation of generaliza-
tion bounds via covering numbers, thereby connecting
the geometry of the underlying space of nodes proba-
bility measures with formal learning guarantees.

4.1 Novel Pseudometric

We introduce the new distance FCD,, between nodes
v;,v; € V of the graph G = (V, E) with associated

random variables 550), 5;0) for the ©(-) architecture as

1/p
inf S gs|Pdry(£5, €8 ’
YEL (Pes P (/~/]Rf0><Rfo 17 = &7 d(&: £7)>
(15)

where &5 := [SL£(?)]; is the random variable associated
with node v; after the structural update step of SGC.
If the input node features follow multivariate normal
distributions, then the node-wise random variables af-
ter structural update are also normally distributed and
for p = 2 the FCD, has an analytical closed form.
For the other values of p or other probability distribu-
tions, numerical methods such as the Sinkhorn algo-
rithm (Sinkhorn and Knopp, 1967; Cuturi, 2013) can
be used. When the probability measures are Dirac
measures, the distance is equal to L, norm between
structural updates of node features.

Proposition 1. FCD,, from a node v; to itself is zero:
FCDP(’l}i,UL‘) = 0.

This is true because the probability distributions asso-
ciated with the same random variable &, are identical.
Proposition 2. FCD,, from v; to v; is equal to the

distance from v; to v;: FCDp(v;,v5) = FCDp (v, v;).

This property automatically follows from the property
of the Wasserstein distance.
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Proposition 3.
FCD,(vk, vj).

FCD,(v;,v;) < FCDp(v;,v) +

This property follows directly from the properties of
the Wasserstein distance (Villani et al., 2008). How-
ever, FCD,, does not guarantee positivity between dis-
tinct points: FCD,(v;,v;) can be zero even when v;
and v; are different. Therefore, it is a pseudometric.
Next, we show that FCD,, ensures Lipschitz continuity
between input and embedding spaces and provides the
same discriminative power as ©. Theoretical guaran-
tees for the default © architecture are given in Appen-
dices D and E.

Theorem 2 (Discriminative Power). FCD,, has the

same discriminative power as ©:

Wp<é(’0i), é(’l)j)) >0= FCDP(Ui, ”Uj) > 0. (16)

The proof of Theorem 2 is in Appendix D.

The Lipschitzness property allows one to reason about
how close nodes are in the embedding space and can
be used in reasoning about generalization properties.

Theorem 3 (Lipschitz Continuity). SGC O is a glob-
ally Lipschitz function w.r.t. FCD,, :

Wy (0(v;),0(v5)) < Cp - FCDy(v3,v;). (17)

The proof of Theorem 3 can be found in the Ap-
pendix E. Additionally, we present the discriminative
power and Lipschitz continuity for Dirac measures in
Appendix D and Appendix E.

4.2 Generalization Bounds

We propose a framework to reason about the gener-
alization abilities of MPNNs in the presence of uncer-
tainty in node features and derive covering number-
based generalization bounds, similar to (Xu and Man-
nor, 2012; Vasileiou et al., 2025b). We will consider
the multi-class node classification task in an inductive
learning scenario with ¢(-) being the cross entropy loss
and Z2 =X x Y = (V,FCD,) x {0,...,C} where C is
the number of classes.

Settings. We say that the probability measures Pg.
associated with nodes comes from a class of Gaussian
measures N (u, X) with uniform exponential moments:

/ eIl gN (, B) () < M, (18)
Rfo

where a > 0 is some constant and M < oo. This
guarantees that the entire collection of measures does
not have heavy tails, which ensures the tightness of
the class of Gaussian random measures associated with

nodes. We additionally assume that Pg, are identically
distributed with common law v € P(P,(X)). Pp(X)
endowed with W), is the Wasserstein space of order p,
X C Rfo, where fy is the number of features of the
node.

Definition 1. Let G be an undirected graph with n
vertices. We say that (Pg,,...,P¢ ) are G-dependent,
if for all disjoint subsets I,J C [n|, whenever there is
no edge between I and J in G, the collections {Pg, :
i €1} and {P¢, : j € J} are independent.

Definition 2. The chromatic number x(G) is the
minimum number of colors required to color the nodes
of G such that no two adjacent nodes share the same
color. For the fully connected graph with n nodes, the
chromatic number is x(G) = n.

Properties of the Sample Space Z. Let
(V, FCD,) be the space of nodes V metrized with
FCD,,.

Theorem 4. (V,FCD,) is compact, and its covering
number is

N(e; V;FCD,) < exp{Ce o (log[1/e))/0},  (19)

where constant C' depends on fy and p. The proof of
the theorem as well as the formula for C' can be found
in Appendix F. Now let us consider the sample space
Z and metrize it with the following distance

dz((zi,y1), (25, 95)) = (20)
maX{FCDp(Uia Uj)? 6{711 sYj } }’

where 0y, .y = 0 if y; = y;. Otherwise, dy,, .1 = 0.

Theorem 5. (Z,dz) is compact, and its covering
number is

N(e; Z;dz) < Cexp{Ce To(log[1/e))fo}.  (21)

This follows from the fact that the sample space Z is
the product space of (V, FCD,) and Y = {0,...,C},
and distance definition dz. Therefore at any radius e,
the entire space of samples Z can be represented by a
finite partition of size N(¢; Z;dz). More details about
partitioning of Z can be found in Appendix G.

Generalization Bounds. Let us now first define
the notion of the algorithmic robustness of the learn-
ing algorithm A on Z, which is a crucial property for
the derivation of the generalization error bound.

Proposition 4. Let A be a learning algorithm on
sample space Z for hypothesis class H, and let £ :
H x Z — RY be a loss function. Let dz be a pseu-
dometric on Z. If £(-) is C-Lipschitz with respect to
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dz, then for all samples S and (P¢,,y;), (ng,yj) €z,
WP(E(ASH (P&"ﬂyi)))g(-ASv (]P)ﬁj ) y]))) <
CdZ((P§L3y1)7 (]P)ﬁj?yj));

thus, A is (N (e/2; Z;dz), Ce)-uniformly robust for all
e> 0.

(22)

Proposition 4 implies that if the loss is C-Lipschitz
with respect to dz, then inside each e-ball of the cov-
ering of (Z,dz), the loss can fluctuate by at most
Ce. Equivalently, every partition element of diameter
€ acts as a robust cell. Once the algorithm’s behav-
ior is fixed at one representative of the cell, its be-
havior across the whole cell is controlled within Ce.
The uniform robustness follows from the fact that only
K = N(¢/2;Z;dz) such robust cells are needed to
cover the entire sample space. This partition-based
control allows us to transform Lipschitz continuity into
generalization guarantees.

Theorem 6. Let A be a learning algorithm on Z.
Then for any § > 0, with probability at least 1 — 6,
and for a sample S = {(P¢,,y;)}IL, with the depen-
dency graph G[S] and a Cy-Lipschitz loss function ¢,
the following holds

Wp(@Z,SJ}DE,S) <

2Ce + M\/X((;HS])(Q(K€ +1)log2 + 210g(%))7

(23)
where
- 1
Py s := N 2£(AS7 (Pe,, i) (24)
is the empirical loss probability measure, and
P@,S = E(Ps,y)wu[e(ASa (Pﬁ? y))} (25)

is the population loss probability measure, M 1is the di-
ameter of the space of probability measures associated
with losses

M = sup Wy (¢(As, (P£i7yi))7
(Pe, wi),(Pe ;) €2 (26)

U(As, (Pe,,y;))) < oo,

where K. = N(¢; Z;dz) is the covering number of the
sample space Z, C = CrCy, Cr is FCD, Lipschitz
constant, x(G) is the chromatic number of dependency
graph G.

The proof of Theorem 6 is in Appendix I. This the-
orem illustrates how close the loss distribution esti-
mated from the training data is to the true population
loss distribution even when node features are noisy
and potentially dependent through the graph struc-
ture. Intuitively, the result shows that the generaliza-
tion error is controlled whenever the space of uncertain
node-label pairs can be covered with relatively few ro-
bust partitions, the dependency structure of the graph
is not too dense and the loss-space diameter is not big.
This bridges geometric properties of the sample space
with probabilistic guarantees for MPNN generalization
under node feature uncertainty.

Corollary 1. W, (ngs,@[,s) is an upper bound on
the risk gap |lezp(As) — lemp(Ag)| as follows

|€emp(A5') - Eemp(-AS” < Wl (PZ,SH@@,S% (27)

where Legp(As) and Lemy(As) are the expected values

of the loss drawn from the measures Py s and @473,
respectively.

The proof for Corollary 1 is in Appendix I.

5 Experimental Evaluation

In this section, we compare the performance of mo-
ment propagation, illustrate certified robustness radii
against Lo-norm feature perturbations, analyze Lips-
chitz continuity with respect to FCD,,, and assess the
tightness of our generalization bounds.

We consider three types of synthetic graphs with dif-
ferent levels of dependency between node features,
independent nodes, independent features (inif), in-
dependent nodes, dependent features (indf), depen-
dent nodes, dependent features (dndf). Additionally,
we use seven real-world graphs (Cornell, Wisconsin,
Texas, Cora, Citeseer, Chameleon, Squirrel) with
independent Gaussian noise added to their features.
We describe the datasets, respective training pro-
cedures, and additional results in Appendices J.1
and J.2, respectively.

Uncertainty Quantification. For moment propa-
gation, we rely on the following methods: First-order
(T1) and second-order (T2-Tr) Taylor approximation
of the entire architecture, where we use truncation of
contributions from moments higher than the second;
Layer-wise Taylor approximation of nonlinearities to
first-order (1d-T1), to second-order with Gaussian clo-
sure (1d-T2-GC) and to second-order with truncation
of contributions from moments higher than the sec-
ond (1d-T2-Tr); Pseudo-Taylor Polynomial Expansion
(PTPE) (Zhang and Ching, 2025).
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We compare the moments obtained from these meth-
ods with the moments obtained from propagating
nyc = 10,000 samples, using the 2-Wasserstein dis-
tance (W2) between Gaussians with these moments
and the Lo-norm of the mean and the Frobenius norm
(FN) of covariance differences. For Cora, Citeseer,
Squirrel, and Chameleon, we use only the diagonal
entries of the covariance for W5 to reduce computa-
tion time. The efficiency can be improved by making
structural assumptions about the covariance (e.g., low
rank, sparsity) and by using suitable data structures.
Tables with results are in Appendices J.1 and J.2.

For synthetic data, PTPE performs best across all non-
linearities except sigmoid. Linearization of the archi-
tecture (T1) performs similar to layer-wise lineariza-
tion (1d-T1) but at lower memory cost. For second-
order Taylor approximations, layer-wise approxima-
tions (1d-T2-Tr, 1d-T2-GC) appear to be preferable over
Taylor approximation of the entire architecture (T2-
Tr), which is similar in performance but comes with a
large memory footprint. Gaussian closure (1d-T2-GC)
performs similarly to truncation (1d-T2-Tr).

For real-world data, we performed experiments on 2-
and 3-layer GCNs with 4- and 8-dimensional embed-
dings at each GCN layer. To summarize our findings
we use the following notation. Cornell(2, 4, RelU)
denotes a 2-layer GCN with 4-dimensional vectors at
each GCN layer and ReLU activation on the Cornell
dataset. The key takeaways are as follows:

e Layer-wise Taylor expansions of the same order
show similar approximation errors to their mul-
tivariate counterparts (e.g., W is similar for T1
and 1d-T1). On Wisconsin(2, 4, ReLU), W5 equals
2.2 for both T1 and 1d-T1, while W5 is 3.6, 3.6,
and 3.1 for T2-Tr, 1d-T2-Tr, and 1d-T2-GC, respec-
tively. Gaussian closure (1d-T2-GC) does not con-
sistently outperform truncation (1d4-T2-Tr).

e PTPE shows lower error than both multivariate
(T1, T2-Tr) and layer-wise (1d-T1, 1d-T2-GC, 1d-
T2-Tr) Taylor expansions, with two exceptions.
First, for ReLU PTPE can fail to produce moments,
likely due to the accumulation of numerical errors
in repeated layer-wise updates. Second, PTPE per-
forms worse on sigmoid nonlinearities; for exam-
ple, Cornell(2, 4, sigmoid) shows two orders of
magnitude higher W5 than Cornell(2, 4, GELU).

e On small graphs (Texas, Cornell, Wisconsin),
sampling is slower than moment propagation
methods. On Cornell(3, 8, GELU), sampling takes
22s, while moment propagation (T1, T2-Tr, 1d-T1,
1d-T2-Tr, 1d-T2-GC, PTPE) takes between 1.5s and
3s. On large graphs (Cora, Citeseer, Chameleon,

Squirrel), multivariate Taylor expansions are
faster than layer-wise ones, and sampling has in-
termediate runtimes. On Cora(3, 8, GELU), T1
takes 40s, and T2-Tr takes 227s. 1d-T1, 1d-T2-
GC, and 1d-T2-Tr take between 1825s and 1848s.
Sampling takes 758s.

B GEw

BN RelU

sigmoid

@ tanh

T1 T2-Tr PTPE 1d-T1 1d-T2-Tr 1d-T2-GC

Figure 1: Cora Dataset: Moment Comparison on 3-
layer GCNs with 8-dimensional Embeddings. The
nonlinear functions are GELU, ReLU, sigmoid, and
tanh. The lower the Wasserstein distance W5 on the
y-axis, the better. Takeaway: Layer-wise Taylor ex-
pansions of the same order show similar approximation
errors to their multivariate counterparts. PTPE shows
the lowest error except for sigmoid.
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Figure 2: Cora Dataset: Histogram of Radii ¢; Rela-
tive to the Feature Vector Size ||z;||2 on 3-layer GCNs
with 8-dimensional Embeddings. C' is the Lipschitz
constant, T is time to compute the radii, and f. is
fraction of certified points. Moments are estimated
using 1d-T2-GC. Takeaway: Robustness radii are the
smallest for tanh and sigmoid nonlinearities, robust-
ness radii are similar for ReLU and GELU. The number
of certified nodes is the highest for ReLU.
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Probabilistic Adversarial Robustness Guaran-
tees. We compute the robustness radii €; for each
node, according to Theorem 1 based on moments prop-
agated with 1d-T2-GC. We use the upper bound on Ls-
norm Lipschitz constant C' of the architecture. We
calculate it as the product of the Lipschitz constants
of all parts of the architecture. For nonlinearities, we
use the Lipschitz constants reported in (Mao et al.,
2023), for linear operators we use their largest singular
value. We restrict our analysis to correctly classified
nodes. We set the probability of misclassification to
6 = 0.05. We split § to equal amounts among classes
C (ie., 0, = 6/C). We also compared the resulting
radii to ones obtained via (Cohen et al., 2019). Tables
with additional details are in Appendices J.1 and J.2.

Negative values of ¢; appear for some nodes in both
synthetic and real-world graphs. This implies that for
all architectures there exist nodes for which robustness
cannot be certified. Robustness radii tend to be larger
for GELU and ReLU nonlinearities than for tanh and
sigmoid for both synthetic and real-world graphs.

The key takeaways for robustness radii on real-world
data are as follows:

e Theorem 1 certifies between 8% of nodes for
Chameleon(2, 8, GELU) sampling and 100% for
Wisconsin(3, 4, sigmoid) sampling, while Co-
hen et al.’s method certifies between 93% for
Wisconsin(3, 4, GELU) and 100% for Cornell(2,
4, GELU). On average across graphs and mod-
els, Theorem 1 certifies between 49% (moments
via PTPE) and 56% (moments via T1) of nodes,
whereas Cohen et al.’s method certifies 99% of
nodes.

e For small graphs (Cornell, Wisconsin, Texas),
applying Theorem 1 with any moment estimation
method is faster (between 2 and 27 seconds) than
Cohen et al.’s method (~574 seconds on average).
For larger graphs (Cora, Citeseer, Chameleon,
Squirrel), Theorem 1 with moments via T1 is
faster (between 31 and 534 seconds) than Co-
hen et al’s method (between 574 and 745 sec-
onds), but Theorem 1 with moments from sam-
pling, PTPE, and 1d-T2-GC are slower (typically
between 354 and 4749 seconds).

Figure 2 shows robustness radii for Cora. The percent-
age of certified nodes and the radii are the highest for
GCN with ReLU nonlinearity, which means that GCN
trained with ReLU nonlinearity is more robust than
GOCN trained with GELU, tanh, sigmoid nonlinearities.

Lipschitz Continuity w.r.t. FCD,. To empirically
verify Lipschitz continuity, we calculated the Pearson

and Spearman correlation between FCD,, (with p = 1)
in the input space and the W; distance in the output
space. For both synthetic and real-world data SGC
is Lipschitz continuous in FCD,, meaning that small
changes in the input lead to small changes in the out-
put. Figure 3 illustrates the results for real-world data.

Table 1: Generalization Bounds on Synthetic Data.

dataset | L | emp. LHS | RHS

inif 3 5.11 141.29
indf 3 5.12 152.30
dndf 3 5.10 133.47

Table 2: Generalization Bounds on Real-world Data.

dataset L | empirical LHS | RHS
Cornell 3 19.38 254.44
Wisconsin | 3 23.92 364.57
Texas 3 12.39 170.46
Cora 3 6.01 432.61
Citeseer 3 5.843 401.74
Chameleon | 3 4.83 416.93
Squirrel | 3 1.98 136.03

Generalization Bounds. We test tightness accord-
ing to Equation (23) in the form LHS < RHS, where
LHS represents the generalization error and RHS de-
notes its upper bound. We estimate LHS using the
1-Wasserstein distance, computed with 100 samples,
between the node-wise training and test loss distribu-
tions, since the entire data distribution is unknown.

We use the optimal transport on 100 samples per node
to estimate the W; distance between node-wise losses,
and determine its maximum value M. We set e = 0.99
and 6 = 0.05. We assume Y is the number of nodes in
the training set.

Tables 1 and 2, respectively, summarize our results on
synthetic and real-world data. For synthetic data, the
generalization gap is the smallest when there are de-
pendencies between nodes and features, but the effect
is moderate. We do not observe a strong effect with
the number of layers. These results highlight that ex-
amining assumptions on the data generating process is
important when considering generalization. For both
synthetic and real-world data, larger Lipschitz con-
stant and M lead to looser bounds. Moreover, larger
graphs (Cora, Citeseer, Squirrel, Chameleon) result
in SGCs with larger Lipschitz constants, contributing
to looser generalization bounds.

6 Related Work

Uncertainty Quantification in MPNNs. Nu-
merous methods exist to quantify epistemic and
aleatoric uncertainty (Wang et al., 2024; Hiillermeier
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Figure 3: z-score for the FCD; and the 1-Wasserstein Distance for SGC with 3 Layers. The z-score is value
minus mean, divided by standard deviation. For each dataset, the number of hidden dimensions is set to the
number of classes in that dataset. Takeaway: SGC is Lipschitz continuous in FCD,, meaning that small changes

in the input lead to small changes in the output.

and Waegeman, 2021; Gawlikowski et al., 2023).
Tracing uncertainty through nonlinear models has a
long tradition (Sullivan, 2015; Soize, 2017). Poly-
nomial chaos expansion (PCE) is a well-established
method, originally introduced for Gaussian random
variables (Wiener, 1938; Ghanem and Spanos, 1991)
and later extended to arbitrary distributions as gen-
eralized polynomial chaos, gPC (Xiu and Karni-
adakis, 2002, 2003) and to distributions accessible only
through their moments as arbitrary polynomial chaos,
aPC (Oladyshkin and Nowak, 2012; Navarro et al.,
2014; Paulson et al., 2017). Recently, these methods
have been applied in machine learning (Du, 2025).

Robustness Certification. Cohen et al. (2019) es-
tablish that a classifier smoothed with Gaussian noise
yields provable Ly radius guarantees. Certification
is conducted via sampling-based estimation. Kumar
et al. (2020) propose a method to generate certified
radii for the prediction confidence of a smoothed clas-
sifier. Pautov et al. (2022) introduce the CC-Cert
framework, which leverages concentration inequalities
to certify the robustness of neural networks under in-
put perturbations. Ziigner and Giinnemann (2019) in-
troduce one of the first certification schemes for GCNs
to defend against node-feature modifications under Lg-
bounded budgets. GNNCert (Yang et al., 2024) pro-
vides deterministic certification for graph classifica-
tion against both structure and feature perturbations
by guaranteeing label invariance when the numbers of
modified edges and node features are bounded. Our
work differs from others by being probabilistic and not
relying on sampling techniques.

Pseudometrics and Generalization. Rauchw-
erger et al. (2024) extend iterated degree measures to
graphon-signals, and show compactness of the result-
ing space, establishing Lipschitz continuity and univer-
sal approximation for MPNNs. Levie (2024) proves a
one-sided Lipschitz inequality, bounding feature dis-

tances by the graphon-signal cut distance, though
with slow generalization rates. Chuang and Jegelka
(2022) propose the Tree Mover’s Distance (TMD) for
graphs with features, relating it to generalization un-
der distribution shifts, but lacking universal approx-
imation. Chen et al. (2022, 2023) show that MPNNs
separate points and are Lipschitz over WL distances,
with universal approximation only on compact sub-
spaces since the full space is not compact. Vasileiou
et al. (2025a) leverage graph similarity theory to as-
sess the influence of graph structure, aggregation, and
loss functions on MPNN generalization abilities. The
work closest to ours is Vasileiou et al. (2025b). They
introduce a unified framework for analyzing the gener-
alization properties of MPNNs in inductive and trans-
ductive node and link prediction tasks while relaxing
nodes i.i.d. assumptions; but they do not consider the
case when there is uncertainty in node features.

7 Conclusion

We present a unified theoretical framework for as-
sessing the reliability of MPNNs under uncertainty
in node features. By propagating moments through
both the linear updates and nonlinear activations of
MPNNs, we enable certified probabilistic robustness
guarantees against La-bounded perturbations of node
features. Additionally, our Wasserstein-based pseu-
dometric (FCD,,) integrates structural updates with
node-feature uncertainty, matches the discriminative
power of SGC, and ensures global Lipschitz continu-
ity for SGC. Using compactness and covering number
arguments in the resulting metric space, we derive gen-
eralization bounds that extend beyond the case of de-
terministic node features. Our theoretical results are
supported by empirical evaluations.
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Table 3: Notation used throughout the paper.

SYMBOL EXPLANATION

G=(V,E) graph with nodes set V' and edge set FE.
n=|V| number of nodes in the graph

m = |E] number of edges in the graph

v, eV node of the graph G

I, € Rmx™ n-dimensional identity matrix

1, e R" the n-dimensional vector of ones

A e R™*" adjacency matrix of G

D = diag(dy,...,d,)
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G

X
M

diagonal matrix of node degrees
structural update matrix

entries of S

MPNN layer index

node feature dimension in layer [

deterministic node features associated with node v; in layer [

matrix of deterministic node features in layer [

weight matrix of layer [

nonlinear, Lipschitz continuous function, and its first two derivatives
Simple Graph Convolution network without output nonlinearity
Simple Graph Convolution network with output nonlinearity
f-dimensional random variable.

random variable representing random features of node v; at layer [

random vector from concatenation of the features of all nodes
distribution (or law) of the random variable &

probability density function of the random variable &
p-Wasserstein distance between Pg and P

space of couplings of the random variables £ and &’

coupling between the random variables € and ¢’

first moment of the random variable &

second moment of the random variable &

Feature Convolution distance, our W)-based pseudometric
space of functions with integrable p norm

normal distribution with mean p € R/ and covariance ¥ € R/*f
Lipschitz constant of a GCN w.r.t. the Ly norm

Lipschitz constant of SGC w.r.t. the FCD,distance and L,, distance
Lipschitz constant of loss function

the Borel sets of Rf

pushforward of the distribution P under the function ¥
elementwise application of ¢ to 1g

elementwise application of the derivative of o to Iig
elementwise application of the second derivative of o to 1g
Jacobian matrix of A : R*fo — R™fz

Hessian tensor of h : R*fo — Rz

elementwise or Hadamard product of vectors and/or matrices
Kronecker product

pseudometric in the sample space

covering number of the space of nodes

covering number of the space of samples

dependency graph

chromatic number of the dependency graph

loss-space diameter
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A Notation and Additional Background Information

Table 3 lists the notation used throughout the paper. The rest of the section introduces graphs, functions of
random variables, and coupling of random variables.

A.1 Graphs

A graph G = (V, E) is defined by a set of nodes V and the edges E C V x V between them. We denote the
number of nodes n = |V| and the number of edges m = |E|. A graph can be represented by its adjacency
matrix A € R"*”, where A;; = 1 if node v; is connected to node v; (i.e, (v;,v;) € E), and A;; = 0 otherwise. A
node v; € V often possesses additional properties encoded in its feature vector z; € R/, where f is called the
feature dimension. It is convenient to gather the feature vectors of all nodes in a feature matrix X € R™*/. For
example, to model a social media platform as a graph, one represents each user as a node, their characteristics
(e.g., age and topics of interests) as node features, and which users are friends on the platform with edges. The
degree d; = Z?=1 A;j of a node is the number of other nodes that it is connected to. We denote the diagonal
matrix of degrees as D = diag(ds,...,d,).

A.2 Functions of Random Variables

The pushforward is a way to calculate how uncertainty in the inputs of a function translates into uncertainty
of its outputs. Let & be a multivariate random variable taking values in Rf1, e.g., the input to a neural network,
and ¥ : R/t — Rf2 a Borel function, e.g., a neural network. Applying ¥ to & defines another random variable
n = V(&) taking values in R/2 and describing in our examples the output of a neural network. When & has
distribution Pg, the distribution Py, of 7 is

Py(n € B) =Pyp(¥(€) € B) =Pe(€ € ¥71(B)) VB € BR"™), (28)

where B(R/2) are the Borel sets of R/2 and ¥=1(B) € B(R/1) is the preimage of B € B(R/2?) under ¥, a Borel
set of Rf1.

A.3 Couplings of Random Variables

Given two random variables £ € Rf and ¢ € Rf " with distributions P¢ and P¢s respectively, a coupling is a
distribution ~ on the product space RS x R/’ that has P¢ and Py as its marginals, i.e.,

(B x R'") = P¢(B) and 4(R! x B') = Pg/(B'), (29)

for all B € B(R/) and B’ € B(R/"). We denote the space of all couplings as ['(P¢,Pgr). Sometimes the word
coupling is also used for a random variable that has distribution ~.

As for any other random variable, one can compute the pushforward of a coupling. Here, we are interested in
the special case, where &, &’ € Rf be random variables with distributions P¢, Per with a coupling v between them,

and the same Borel function ¥ : Rf — R/ is applied to each of them individually, in this case the pushforward
of the coupling is

(W x W)y, (B x B') = 4(¥7(B) x ¥(B')), (30)

for all Borel sets B, B’ € B(RY).
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B Moment Propagation

B.1 Elementwise Taylor

Here, we show the Taylor expansion for a nonlinear function that acts elementwise, i.e. Ul(a:) = o;(x;). We are
interested in the moments of the random variable defined by the pushforward, C = 0(6) where £ € R™/t with
first two moments 1ig and X

Consider the second order Taylor expansion of the ith component of this function around p,

Ci = 0(52) ~ U(Mﬁi) + U/(Mfi)(gi - Mﬁi) + %U”(:U’fi)<£i - /J’&)Z’ (31)

where o', 0" are the first and second derivative of o as a function o : R — R.

Then, the expected value of (; is

1
pe, = EG] = o (ue,) + 39" (ke ) Se i (32)
or in vectorized notation
(g) + 5, (33)
> =o(uz —35
He Mg 952

where we introduced & = o(ug), and 53 = 0”(g) o diag(Xg) with o denoting the Hadamard product. Similarly,
we can obtain the variance,

Yeig = E[(G — pe,i) (G — peg)] = o(pe,i)o(pe,;)
+ S (o (pei)o" (pe,j)2e i + 0 (pe )0 (1e.i)Xe i)
1
+ 1(’"(#5,1')0/'(#54)153[(& — pei)* (& — pe )’
+ 0" (pe,i)o’ (e ) Se.ij — Meitte.j-

[\S)
—
w
=~
Nz

The second-to-last line depends on the fourth moment of the input distribution. We can either view this term
as a fourth-order contribution and neglect it. This yields the second-order truncated approximation (1d-T2).
A better approximation can be obtained by using Isserli’s theorem to perform Gaussian moment closure. This
theorem expresses the fourth moment approximately in terms of second moments, and is exact for Gaussian
distributions. In our case, we have

E[(& — #f,i)2(§j - #E,J) ] = Yigiidie 55 + 225 ijo (35)

and we can obtain the variance with Gaussian closure (1d-T2-GC) as
1
Beig ~ 0 (pei)o(pes) + 50 (nei)o" (e 5) e s
+0(pei)0” (ne.i) e i) + 0" (1e.i)o" (e 5) D¢ ij (36)
1

+ 30" (ne.)o" (e 5) (Se.iiTe i + 258 35) — He.itte -

Introducing §1 = o’(pz), we can write this in vectorized notation as
1
ZC—EﬁT—i—sl oXgosi+ 2( 5y + 5,57

(37)

1/, -
+ - 1 <8282 4257 o (3goXg) 081) — pgp

-

A less accurate approximation can be obtained by neglecting second-order terms (1d-T1), and gives the mean
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pe =7, (39)
and variance

Sg=s] 0 Xgo . (39)

As the ReLU nonlinearity is not differentiable at the origin, we replace it with softplus(z, §) = %log(l + €P?) for
B = 20. Note that softplus(z, ) — ReLU(z) as 8 — oo.

B.2 Multi-variate Taylor Approximation

Instead of exploiting the elementwise application of the nonlinearity, we instead apply the Taylor approximation
to the entire model. Considering the model as a function h : R™fo x R"™fL acting on flattened node feature
matrices & € R™f up to second order around 1g is

W) = hlig) + Vhiig) (@ — g + 3 (& — 1)V hlug) (@ — pg) + O((E — pe)?), (40)

where Vh(uz) € Rnfrxnfo is the Jacobian, and VQh(ug) € Rrfrxnfoxnfo ig the Hessian.

This leads to the first moment

= B[R] = hiyig) + 5 TrIVh(sg) gl (41)

where the matrix multiplication and trace act on the input dimensions. The variance is,
Sh = E[(h — pn)(h = pn) "] = hlug)h(pg) " — pnpg, + Vh(pg)SgVh(pg)

42
+ 5 (DY) + hlpg) TV ()] ) "
where we dropped the contribution arising from the product of second-order terms, corresponding to fourth-
moment contributions. While one could, in principle, perform Gaussian moment closure using Isserli’s Theorem
as in the element-wise case, the resulting terms cannot be evaluated without forming the full Hessian, which
is impractical for modern neural networks and large graphs. We refer to this form as truncated, second-order
Taylor (T2-Tr). For comparison, we also compute the linearization (T1), that neglects second order contributions,
setting

p. = Elh] = i) (43)

and

S = El(h — ) (h — i) ) = Vh(pig)SeVhng). (4)

Similar to the case of elementwise Taylor approximation, we replace ReLU(z) with a differentiable approximation,
softplus(z, §) which converges to ReLU as 8 — oco. In our experiments, we set 5 = 20.

B.3 Pseudo-Taylor Polynomial Expansion

In addition to Taylor expansion, we also employ pseudo-Taylor polynomial expansion (PTPE) (Zhang and Ching,
2025) for propagating uncertainty through elementwise, nonlinear functions. We adapt this technique to MPNNs
by using Eq. (7) and Eq. (9) to arrive at the first moment fgtw.i and variance, Eé(w),z, and pass them through

the nonlinearity using

—(e),l

ﬂé(e),l = ]E[S ] = AO (45)
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and

—(e),l
g = E[(€ ‘

2(e),l

R
- ugm,z)(ﬁ - ME@),L)T] = Z Ay o Eg(ww o Al (46)

r=1

where A, € R™ are vectors depending on the nonlinearity, chosen according to Appendices A2 for tanh, A5
for ReLU, and A6 for GELU of (Zhang and Ching, 2025). We choose R = 2 as the order of approximation in our
experiments.

C Certified Robustness

The following theorem restates Theorem 1 from the main text, followed by its proof.

Theorem 7. MPNN for node classification tasks is robust against La-norm feature perturbation ||A|] = € with

probability 1 — 6 if:
N B -5,
figz, =\ ez, 0 75, )
V20 ’

€ < min
y#Y*

where § =3, 6.

z
*

dy 15 the probability of misclassifying class y. ﬂs:y = pgz , — pegz, is the mean and i]gfy =Ygz yryr + Xgz gy —
2z y+y is the variance of the random margin between the element of the logit associated with true label class
y* and logit element associated with any other class label y # y*. C is the Lipschitz constant of the GCN with
respect to the random margin norm.

Proof. Let us consider that every node v; has a true classification label yf € {1,---, fr}. For V y # y*, the
margin in logits is:
M; =€, — &, = (ey —e,) & =my€], (48)

where e, € R/r is a standard basis vector, and My = €y — €ey.

Let us now consider the case when the perturbation ||A|| = € was added to the node feature vector 5%0), we

define the corresponding logit as &; ". Let us consider the difference between the logit margins of the original and
perturbed node features:

Mg = 0| = |me — )
<|lmyll||& - &7 || = v2|[e: - & || (49)
<20 || - €| = vac|all = vace

" M; —V2Ce < M < M+ V2Ce, (50)

where C' is the GCN Ly Lipschitz constant.

Let us now consider the probability of misclassification ]P’(M;/ < 0). From the previous expression, it follows

that ]P’[Mj < 0] < PM; < V2C¢]. By leveraging Cantelli inequality we can derive an upper bound on the
misclassification probability:

—, (51)

where figz = S Yex, = Dgzyryr + ez gy — 22ez gy

iy’

Setting the upper bound on the probability of misclassification to be §,, and solving for €, we get:
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1-6,
ug:y -/ Eef,, Var
(52)

Each class has its own €, so in order to be robust against misclassification to any label, we say that MPNN is
robust for node classification task with probability at least 1 — ¢ if:

/ / 51/
e ng” D (53)

where § =3 dy. O

€ < min
y#Y*

D Discriminative Power

The following theorem restates Theorem 2 from the main text, followed by its proof.

Theorem 8. FCD, has the same discriminative power as O(-):
Wp((;)(vi), (:)(Uj)) >0= FCDp<’Ui, Uj) > 0. (54)

Proof. Let ¥ : Rfo — R/ be the application of weights and element-wise nonlinearity to the node feature matrix
X* = SLXO) after L-layer structural update of SGC, ¥(X*) = ¢(X*W). In order to prove the discriminative
power we need to show that

Wp(qjﬁpgf ‘I]mps;) >0= WP(Pﬁfv}Pﬁj) > 0, (55)

where & = [SE]; and & = [STZ]; are the node features after structural update in the L layer SGC architecture
and defined in terms of the matrix valued random variable = € R™*/0 of input node features.

Eq. (55)= If

Wp(q’ﬁpsf‘l/umg.;) >0, (56)
then
\I/ﬂ]psf #+ \Ifﬁ]psj. (57)
Therefore, 3B € B(R/%), such that
or by definition
Pe: (U1(B)) # Pe: (U 1(B)). (59)

From the definition of pushforward measure, 3B’ € B(R/°), such that

Pg: (B') # Pe: (B). (60)

Therefore,
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Pes # IP’E;; (61)

and
WP(]P)g,S’]P)EJS) = FCDP(UZ', ’Uj) > 0. (62)
O

Theorem 9. FCD,, has the following discriminative power w.r.t. © when the matriz of weights W and o are
invertible.

FCD, (v, v;) = 0 & W,(0(v;),0(v;)) = 0 (63)
FCD,(vi,v;) > 0 & W,(0(v;),0(v;)) > 0 (64)

Proof. Let ¥ : Rfe — Rt be the application of weights and element-wise nonlinearity to the node feature
matrix 2% after structural update, defined as U(X*®) = o(X*W). If W and o are invertible then ¥ is a bijective
continuous function with continuous inverse W =1(-), therefore ¥(-) is homeomorphism. Note that this also means
that fo = fr = f. In order to prove the discriminative power we need to show that

Wp(ng,ng) =0« I/I/},(\Ifji]p55 s \Ifﬁ]pgj) =0 (65)
WP(PEf’Pﬁj) >0& WP(\IJﬁPQf \Ifﬁps§> >0 (66)

Eq. (65) = If
Wy(Pgs, Pes) = FCDy(vi, v;) = 0, (67)

then from the properties of Wasserstein distance (which is a true metric)
Pes = P, (68)
which means that VB € B(R/)

Pe: (B) = Pg;(B). (69)

By definition of pullback measure, and because ¥ is a homeomorphism, this is equivalent to

Pe; (071(B)) = Pe; (¥™1(B)), VB € B(RY), (70)

which by definition means that
Vi, (B) = e, (B), VB € BR/), (71)

and therefore

Ui, = Ve, (72)
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From the properties of Wasserstein distance we have that

Wp(\I/ﬁIp&f \I/mpg;) =0.
Eq. (65) <: If

T/Vp(\llmpEf , ‘I’tﬂf’g;) =0,
then from the properties of Wasserstein distance (which is a true metric), the following holds

\Ifﬁ]psf = \I’IﬂP$;
or equivalently
\Ijﬁpgf (B) = \I’Iﬂp’g; (B)a VB € B(RfL)v

which by definition means that

Pe: (U™ (B)) = Pe: (V(B)), VB € B(R'™).

i

By definition of pushforward measure and because ¥ is a homeomorphism, this means

Pe:(B') = Pe:(B'), VB' € B(R")

or
Pg; = Pg;
and thus
Wp(PsfPﬁ) = FCDP(’Ui,Uj) =0.
Eq. (66)=: If
Wp(ng,ngg) = FCDP(’I}i7Uj) >0
then

Pe; # Pg;.

Therefore, 3B’ € B(R/), such that

Pg: (B') # Peg: (B).

By the definition of pullback measure, 3B € B(R/r) such that

q]ﬁpgf (\IJ_I(B)) # \Ijﬁ]P’si (\I]_l(B))7

thus

(73)

(75)

(77)

(78)

(81)

(82)

(84)
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Uir,, # Vir,, (85)
and
Wp(@ﬁpsf \Ifﬂpgj) > 0. (86)
Eq. (66)«: If
Wp(\pﬁpsf ‘I’u[p%;) > 0, (87)
then
Ui # Uiy, (88)
Therefore, 3B € B(R/L), such that
Uipes (B) # ‘I’uPQ; (B) (89)
or by definition
Pe: (U1(B)) # Pey (V1(B)). (90)

From the definition of pushforward measure, 3B’ € B(R/°), such that

Pe: (B') # Pe: (B'). (91)
Therefore, it holds that
Pes # Pe: (92)
and
WP(IP§§ , st) = FCDP(Ui, Uj) > 0. (93)
O

Corollary 2. In the case of Dirac measures, the discriminative power of FCD, remains valid and can be
expressed as follows:

[lo(s=XOW) = [r(S*XOW)|| > 0= [|1sExO); - [sEx 0| >o0. (94)

p P

Corollary 3. The discriminative power of FCD,, is the same as for O(:) in the default SGC architecture O(-).

E Lipschitz Continuity of SGC with Nonlinear Activation

The following theorem restates Theorem 3 from the main text, followed by its proof.
Theorem 10. é() is a globally Lipschitz function w.r.t. FCD,:

W,(0(v;),0(v;)) < Cr - FCD, (s, v;). (95)
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Proof. We need to show that

Wp(\llu]pﬁf s \Ilwi';) < OLW;D(P&? s Pﬁj)' (96)

Let ¥(X*®) = o(X*W) be the application of weights and nonlinearity after the structural update. The function
¥ : Rf — RS is Lipschitz continuous in L,-norm if o is Lipschitz continuous (in L, -norm) and we denote its
Lipschitz constant as Cp,

19 (z) = ®)ll, < Crllz—yll,- (97)

Let &, £j € R7 be the random variables of node features after structural updates at nodes v; and v; respectively.
Let I'(Pgs, Pe: s) the space of couplings between them, and let F(\I/upss,\llnpss) be the space of couplings after

pushforward through ¥. The elements v of I‘(\Ilﬁpgé , \Ilﬂpgé) are of the form 7' = (¥ x U)y,.

For all A € B(Rf) we have:
V(AXRY) = (T x B)yy(A x RY) = (¥ x 1)1 (4 x BY)

98
— (1 (4) X BY) = Py (11 (4)) = Wip, (A). (%)
And mutatis mutandis for the other variable,
7/(Rf x B) = \I/?ﬂp’g-; (B). (99)
The p-Wasserstein distance between the two pushforward probability measures is given by:
1/p
W,(Wup,., Vyp,.) = inf // u—v||P dy (u, v . 100
e ¥02) = | e g, [ BP0 00 (100
Using Equation (97), it is clear that
[ e ar@o = [[ - jee - vwlr de)
RS xR RS xR (101)
<c | / o — il ).
RS xRS
Since this holds for any coupling v € I'(Pg:, Pg;), it holds for the infimum over such couplings
WP(Uyp,,, Uip..) = inf // u—vl||P dvy'(u, v
P ( iPes ﬁlP’sj) ’Y'EF(‘I’WQS 7‘I’nP5s) - | 17 dv' (u, v)
(102)
<c? inf // z —y||P dy(x CIW) (Pes, P
e e | fos Nz =yl dy(z,y) = (Pe:, Pes).
Taking the p-th root on both sides yields the final bound
Wp(\pﬁp&f 5 \Ifﬁ[ps; ) S CLWp(ng 5 Pg;) = CLFCDP(Ui, ’Uj). (103)
O

Corollary 4. In the case of the delta Dirac measures, the Lipschitz continuity ofé) is valid and can be expressed
as follows:

[lo(SXW)); — [o(S*XW)L ||, < o [[157X]: — (57X, (104)

Corollary 5. The Lipschitz continuity remains valid in the default SGC architecture ©(-).
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F Compactness

The probability measures of the structural updates of node features endowed with W), come from the subset of
Wasserstein space (V,FCD,) C P,(IR/). The probability measures P¢, associated with nodes comes from a class
of Gaussian measures N (i, Y) with uniform exponential moments:

/ eIl gN (u, £) () < M, (105)
RS0

where a > 0 is some constant and M < oo. Therefore, V is defined by the class of Gaussian measures N(u, )
with uniform exponential moments:

/ el AN (1, ) () < N (106)
Rfo

with constant @ > 0 and M < co.

The following theorem restates Theorem 4 from the main text, followed by its proof.

Theorem 11. (V,FCD,) is compact with the covering number

N(&V;FCD,) < exp{Ce o (log[1/e])7°}, (107)
where constant C depends on fy and p.

Proof. Let (P,),,~; C V be an arbitrary sequence. The class of Gaussian measures V' has uniform exponential
moments. The uniform exponential moment bound implies uniform bounds on all polynomial moments, and
in particular on the second moments. Hence, the family V is tight. Since R/0 is a Polish space, Prokhorov’s
theorem implies that V is precompact in the topology of weak convergence. Therefore, there exist a subsequence
(P,,) x>, and probability measure P such that I, = P.

We now show that this subsequence actually converges in FCD,. Let us consider the following for R > 0:

/ |z |[PdP, (z) = / (JlePealel)ealel gp, (z). (108)
{llzl]|>R} {llzll>R}
We can also define
cg = suptPe . (109)
t>R
Since
Jz||Peel=l < cg, |z > R (110)

it follows that

|2 |PdPu(z) < cr /

WP, () < cn [ etllap, (@) (111)
{ll=|l>R}

{ll=l>R} Rfo

Since tPe~* — 0 as t — 0o, we have cgp — 0 as R — co. Therefore,

lim Sup/ l|z|[PdP, () = 0. (112)
RB=oo n J{||zl|>R}
In particular,
lim sup/ l]|P dPy,, (x) = 0. (113)
R=o0k>1J{||z||> R}

Combined with a weak precompactness, following Theorem 2.2.1 (Panaretos and Zemel, 2020), this implies

FCD . . :
P,, % P. Thus, every sequence in V admits a FCD,-convergent subsequence, and therefore (V,FCD,) is
precompact.
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Pp(X) is a complete and separable metric space (Villani et al., 2008). (V,FCD,) is a subspace of P,(X). A

subset of a complete space is complete iff it is closed. (Panaretos and Zemel, 2020) show that the Wasserstein

FCD
topology is finer than the weak topology. Therefore, if a sequence in V converges in FCD,, i.e., P, — P,

then it converges weakly, i.e., P, — P. If V is weakly closed, then the FCD,-limit belongs to V. Therefore, to
show that (V,FCD,) is closed, we can show that it is weakly closed. To achieve this, we need to show that P is
a Gaussian measure with bounded exponential moments.

We first show that P satisfies the same exponential moment bound. The function f(z) = e?l*ll is lower semicon-
tinuous, and bounded from below, so by Portmanteau’s lemma,

/ el7llgP(2) < liminf elellgp, (z) < M. (114)
RS0

n— oo R'fﬂ

Hence, the limit measure P also has a finite exponential moment.

Next, let us show that P is a Gaussian distribution. By Lévy’s continuity theorem, weak convergence P,, — P
implies the pointwise convergence of the characteristic functions

e, (t) — ¢ (t). (115)
Since each P,, is Gaussian with mean u,, and covariance ¥, its characteristic function is
op. (t) = e(itTMn—%tTZnt). (116)

The uniform exponential moment bound implies uniform integrability of the first and second moments. Com-
bining uniform integrability with weak convergence results in convergence of means (Bogachev, 2007)

fin = p (117)
and the convergence of covariances
Sn— 2. (118)
Therefore, the characteristic functions converge to
ge, (t) = gp(t) = it H3TE0, (119)

which is the characteristic function of a Gaussian measure. Hence, P is Gaussian with mean g and covariance
Y. Therefore, V is closed in the topology of weak convergence. Thus, (V,FCD,) is also closed and complete. A
complete and precompact space is compact. Therefore, (V,FCD,) is compact.

From (Panaretos and Zemel, 2020) for the family of measures with uniform exponential moments, the covering
number is upper bounded by:

N(e; V;FCD,) < exp{Ce o (log[1/e])/0} (120)

where constant C depends on fy and p (Panaretos and Zemel, 2020). The exact formula for the bound on the
covering number is the following

N(e&; V;FCD,) < exp{Cre 0 log[1/e][(fo + 1) log[e ' log[1/€]] + Ca]}, (121)

where C = 370ef, Cy = (fo +1)log3 + (fo +2)log2 +log and § = fy[5 + log fo + log log fol.
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G Partition of (V,FCD,)

Let S = {Pi,...,Px} C V be a maximal e-separated subset (i.e., W, (IP;,P;) > € for i # j, and it is not possible
add any new point while keeping separation larger than €). Maximality implies coverage:

K
vV c | B(P,o). (122)
k=1
If (V,FCD,) is compact, then K < oo and N(¢; V;FCD,) < K.
Define Voronoi cells truncated to the e-balls by
Cir={PeV:W,(P,c1)<eand W,(P,c1) < Wp(P,¢;), ¥j}, (123)

where ¢;,1 € [K] - the centers of Wasserstein balls. For k > 2

Co ={P eV :W,y(P,ck) <e, Wp(P,cr) <W,(P,c;), Vj<k, Wp(P,c) < Wp(P,¢c;), Vi >k} (124)

This tie-break makes the C}, pairwise disjoint and Borel (measurable). Because the balls cover V, we also get

K
V=|]C. (125)
k=1
For any P € Cy, W, (P, c;) < e. Hence any two points in the same cell satisfy

Wy(P,P') < W,(P, cx) + Wy(ex, P') < 2, (126)

so diam(C}) < 2e. The number of Voronoi cells is equal to the number of the covering balls B(Pg, ¢) and is equal
to K.

H Concentration Inequality

Theorem 12. Suppose that the random variable X is represented as

X=> Y, (127)

acA

where Yy, is a random variable with o ranging over some index set. Let a, <Y, < b, for every a € A. Then,

vt >0

PX B 2 ) < e (e " ) (128)

where x(G) is the chromatic number of dependency graph G of Y.

Proof. This is Theorem 2.1 from (Janson, 2004). We refer the reader to (Janson, 2004) for the proof. O

Lemma 1. Let {P;}?, be probability measures which are G-dependent identically distributed with common
probability measure v € P(P(X)), where P(X) is the space of probability measures on X C RY. Let {Cy,...,Ck}
be a measurable, pairwise disjoint partition of P(X). Define the number of probability measures in each partition
C; as
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Zj = zn:l{ﬂpi € Cj}, je [K] (129)

i=1

and let the probability that the random measure IP; belongs to the partition C; be as follows

Z/(Cj) = P(Pz S Cj) (130)

Then for allt >0

K
21
o > < 9K +1 B
p jil |Z; —nv(Cy)| > 2t | <2 exp < X(G)n) , (131)

where x(G) denotes the chromatic number of the dependency graph G.

Note. In the settings of Theorem 13, {P;}j, are the probability measures associated with nodes {P¢ }7;, and
P(X) is the Wasserstein space of order p, X C R/°, where f; is the number of features of the node.

Proof. In this proof we follow the proof of Lemma 28 from (Vasileiou et al., 2025b). Let us define the number of
times P; appears in some subset of partitions as

(8) . , ,
V7= 1P € C;},VS C [K]. (132)
JES
Notice that YZ-(S) € {0,1} since C; are pairwise disjoint partitions and
> 7= v (133
j€s i=1
Each Yi(s) is a measurable function of P;. It follows that the family (Yi(s))?:l is G-dependent. Moreover,
s
EY 1 =E[}_1{Pi € C;}] = Y_E[L{P; € Cj}] = Y _P(F: € Cj) = Y_v(C)), (134)
JjeS JjeES JES JES

where the sets C are disjoint and the P; have common probability measure v. Let us consider

K
Z\Zj—”l/(cjﬂz Yo @ -nwC)+ Y (w(C) — Z)

j:Z>nv(Cy) J:Z<nv(Cy) (135)

= ;Tgl%[l;((]jes(zj —nv(Cj)) + Sﬂgl?;g]jes(m(cj) — Z;) < 2max{A, B},

where

(136)
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Then

K
P (Z|Zj —nw(Cy)| > 2t | <P (max{A, B} >t)

= (137)
P(A>t)u(B>1t) <P(A>t)+P(B>1t).
Let us consider
P(A>1)
=P USQ[K] Z(ZJ — ’/ll/(Cj) >t
jes
< > P (2 —mw(Cy) =t
SCIK] jeSs
= > P> Zi—nd v(C)) =t
SCIK] \jes jes (138)
Sz =Y > w(C) =t
SCIK] jes i=1j€s
=) P(>% —ZE[ HEY
SCIK] jes

2": ()

i=1

=3P (ZY}S) ~E
SCIK]  \i=1

1),

Following Theorem 12 and noticing that }Q(S) € {0, 1}, therefore, the squared range (b, — a4)? is always 1 and
> aea(ba —aq)?* =n we can show that

a0z 5 on(- 2] ool )

SC[K]

where 25 is the number of all possible subsets consisting of partitions C;. Similarly, for P(B > t) let

ZZ_ZY

JjES

v =S 1p e o), v e {0, -1} (140)
JjeS

B[V ==Y w(cy).

Therefore,
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And

K
2
>z - I > < > >t) < 2K+1 - .
P j:1|ZJ nv(C;)| > 2t | <P(A>t)+P(B>t)<2 exp( X(G)n) (142)

I Generalization Guarantees

Theorem 13. Let A be the (K, €)-uniformly robust learning algorithm on Z. Then for any § > 0, with probability
at least 1 — 6, and for all samples S = {(Pe,,y;)}}, drawn from probability measure v on Z with the dependency
graph G[S], we have:

3 1
Wy (PZ,S, Pz,s) <e+ M\/W@(K +1)log2+ 210g(5)), (143)
where
. 1 Y
Pes:= ;E(A& (Pe,, i) (144)

is the empirical loss probability measure, and

Prs = Ee y)~v[l(As, (P, y))] (145)

is the population loss probability measure, M is the diameter of the space of probability measures associated with
losses

M := sup WIJ(g(AS) (Pgla yl))a e(ASa (P€7ay]))) <0 (146)
(P&; ’yi)v(Pﬁk ,yj)EZ

and K is the covering number of the sample space Z, x(G) is the chromatic number of dependency graph G.

Proof. Let {C; }f(:l be a measurable partition of Z by the uniform robustness property such that

sup Wy(U(As, (Be,. ). A(As, (Be, i) < e, ) € [K]. (147)
(Pﬁi ryi)a(lpﬁk 7yj)ecj

Let Nj := {i:P¢, € C;} and

Pes,j = E@ey)w[l(As, (Pe, y))|(Pe,y) € Cj] (148)

be the expected loss probability measure conditioned on a particular partition C;.

We can write the probability measure of the empirical loss using the partition as
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K
Prs = NZ_: Z} (As, (Pe, ). (149)

We can also write the probability measure of the population loss using the partition and leveraging the law of

total probability as

K

]P’g’s = Z I/(Cj)]pz’s’j.

j=1

(150)

Let us now consider » j ]I\if'l]@g s,; and use the triangle inequality:

N———

(]P’e s,Pes

v(Cj)Py,s,;

Il

=
=)=
1>
;
=

=

2

=

m

<
M=~ =
N——————

| & <Nl (151)
< Wp Z é(ASa(Pﬁﬂyz)%ZT 4,85
D

(152)

Now let us consider D which represents the error of placing random measures into particular cell C'

Nl NS
D=W, Z TJP&SJ, Z v(Cj)Pys

j=1 i=1 (153)
K

D <MY ‘—N”—V(c

)

K

< mi}cxW (Pe,s,i, P
1y

Therefore, D is upper bounded by the upper bound on the cost needed to move the unit mass between cells C'

multiplied by the total mass that gets moved.

From Lemma 1 we know that
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2
Z|Z — Nu(Cy)| > 2t | < 2K+ exp (-){féw) (154)

Let us consider

o~ |1l
P Z TJ -v(Cj)|=s|. (155)
J=1
Let s = %, therefore
|1l
P ij—y(q)zs =P Z|N — Nv(C))| >2t] . (156)
j=1
Thus
K
|V K+1 s*N
P —_ — Ol > <2 — . 1
j; N v(Ci)|>s| < exp (e (157)
Let us now choose s so that this probability is at most §
9k +1q < s*N ) 5 (158)
xp | ———= ] = 0.
)
Taking logarithm, rearranging the terms and solving for s we get:
2x(G 1
- \/X()((K +1)log 2 + 2log(=)). (159)
N )
Therefore,
G(S 1
D< M\/X(|;|))(2(K+1)log2+2log(6)). (160)
And
1
Wp (Pes,st) <C+D< e—i—M\/ 5] )( 2(K + 1)10g2+2log5). (161)

The following theorem restates Theorem 6 from the main text, followed by its proof.
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Theorem 14. Let A be a learning algorithm on Z. Then for any § > 0, with probability at least 1 — 3, and for a
sample S = {(Pe,,y:)} L, with the dependency graph G[S] and a Cy-Lipschitz loss function { the following holds

Wp(@gys, Py s) <2Ce+ M\/X(fS'[iS]) (2(K.+1)log2 + 210g(%))7 (162)
where
N 1 &
Pys = N ;ﬁ(v‘l& (Pe,,v:)) (163)
18 the empirical loss probability measure, and
Pos = E, y)~v[l(As, (Pe,y))] (164)

18 the population loss probability measure, M is the diameter of the space of probability measures associated with
losses

M = sSup WP(E(ASa (Pﬁi’yi))’e(ASv (Pﬁj’yj)» < 00, (165)
(Pﬁivyi)v(PEj 73/]')62

where K. = N(¢; Z;dz) is the covering number of Z, C = C,Cy, Cp, is FCD, Lipschitz constant, x(G) is the
chromatic number of dependency graph G.

Proof. We can partition Z into K. = CN(e; V;FCD,) subsets according to uniform robustness property of A
such that each subset C'; has a diameter less or equal to 2C¢, where € is the cover radius of the space of probability
measures of nodes. Constant C' = CCy, where CY, is the Lipschitz constant associated with FCD,, and C; is the
Lipschitz constant of the loss function. Therefore, the proof is a straightforward application of the Theorem 13
bound.

O
The following corollary restates Corollary 1 from the main text, followed by its proof.
Corollary 6. W, (]Pg’s,@[’s) is an upper bound on the risk gap |lexp(As) — Lemp(As)| as follows
[eap(As) = Lomp(As)| < Wi (Pys,Prs), (166)

where Legp(Ag) and lemp(Asg) are the expected values of the loss drawn from the measures Py g and ]IA”Z’S, respec-
tively.

Proof. From Kantorovich-Rubinstein duality (Thickstun, 2019) the following is true

Wi (Pes,Bes) 2 [Ernr, s [hD] - By, D] (167)

where h(-) is 1-Lipschitz function. Let h(-) be the identity function h(z) = 2.2 Therefore

2For the identity function h(x) = z, the 1-Lipschitz condition |h(z) — h(y)| < 1- |z — y| is satisfied because |z — y| =
1-|z—yl
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W <]P’tz,s,@e,s) > ‘Ezw@,s[l} —E; 5, 0]

= |E@g, )~ull(As; (P, )] — B yp~ill(As; (Pe, yf))}‘ (168)
= [leap(As) — Lemp(As)]

where Py g and @4,5 are pushforward measures for y and £ under the loss map, respectively.

J Experiments

J.1 Synthetic Data

For our synthetic data we use graphs sampled from the planted partition stochastic block model (SBM) with
two groups, and node features sampled from a Gaussian Markov Random Field (GMRF) with a conditional
independence structure governed by the graph.

We denote the number of vertices in group g € {0,1} as ng, and the expected number of edges between groups
g and ¢’ as kgg.

To sample a random graph from this model, we first calculate the probability p;; of an edge between vertices v;
and vj,

py = o (169)

where g; is the group assignment of node v;. Then, we decide on presence or absence of an edge by drawing
A;; ~ Bern[p;;] for i < j and setting A;; = A;;, where A is the graphs adjacency matrix and Bern[p] denotes the
Bernoulli distribution with bias p. In our experiments we use n = 256 nodes divided into groups of equal size
n1 = ng = 128 with kg9 = k11 = 8 expected intra-group connections, and kg; = k19 = 4 expected inter group
connections.

To define node features, we first define the distribution of node features, i.e., the distribution of the random
variable £ € R™f, and then sample a particular realization Z € R"/.

We assume that node features, at the same node and across nodes, follow a joint multivariate Gaussian distribu-
tion A/ (u, A™!) with precision matrix, i.e., inverse covariance, A € R™/ X"/ and mean p € R"f. To enforce that
the graphs adjacency matrix governs conditional independence between features we construct A as a Kronecker
product,

A=I,®%y +Lpl;, (170)

where I, € R"*" I; € R/*f are the n and f-dimensional identity matrices respectively, ¥y € RF*/ is the
marginal covariance at a node in absence of edge coupling, L = D — A € R"*"™ is the combinatorial graph
Laplacian, and v € R is the edge coupling strength. Larger values of « induce stronger correlation between the
same feature at different nodes that are connected by an edge. We further parametrize ¥ in terms of a single
standard deviation parameter o > 0, and correlation parameter p € [—1,1] as

Sp=o0((o = p)ls+plsl}), (171)

where 1 € R/ is the vector of all ones.

We choose the mean of node v;’s features as a function of its group membership,

n= ,U'O(]-no & ]-f) + .Ul(]-nl ® ]-f)v (172)
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where pg, 1 € R govern the mean of node features for nodes in group g = 0 and g = 1 respectively.

For our experiments, we always set the mean parameters to pg = 2 and g3 = —2 and use 3-dimensional (f = 3)
features. We consider three different settings for the precision matrix:

¢ independent nodes independent features (inif): Features are iid random variables o = 0.25, p = 0
v=0.

¢ independent nodes dependent features (indf): Features at the same node are correlated but there are
no correlations between features at different nodes, o = 0.25, p = 0.5, v = 0.

e dependent nodes dependent features (dndf): Features at the same node are correlated, and the same
feature at adjacent nodes is correlated, o = 1, p = 0.5, v = 1.5. This setting ensures that the average
marginal covariance satisfies, n—lf E?:fl [A=1];; ~ 0.25.

For numerical stability, we draw samples from the standard normal distribution and transform them into samples
from N (u, A=1) using the Cholesky factorization of A of its inverse ¥ = A~

Architectures and Training. In all our experiments, we use the following architectures: Simple Graph
Convolution (SGC) with L = 2 or L = 3 layers, and Graph Convolutional Network (GCN) with L =2 and L = 3
layers with f; = fo = 16 hidden features, and nonlinearity in o € {ReLU, GELU, tanh, sigmoid}.

For training we use the empirical mean i = + "¢ X @ where {X(}"™C are nyc = 10* samples obtained as

described in the previous section. We randomly assign 70% of the nodes to the training set and the remaining
30% to the test set. We train using the AdaBelief optimizer as implemented in optax (DeepMind et al., 2020)
with learning rate n = 10~3 and perform Nepochs = 1000 full-batch gradient updates.

For moment propagation and certified adversarial robustness, we used the transductive learning scenario. To
illustrate generalization results, we used the inductive setting. Tables 4 and 5, respectively, show accuracy
results on synthetic data for the inductive and transductive scenarios.

Table 4: Accuracy for the Inductively Trained Models on Synthetic Data When Evaluated on the Mean. Note
that these are all equal because the datasets have the same mean and only differ in their correlation structure.

dataset | L | reps | Qtest | Qtrain | Qrand

inif 2 11000 | 0.94 0.96 0.50
inif 3 | 1000 | 0.91 0.91 0.50
indf 2 | 1000 | 0.94 0.96 0.50
indf 3 | 1000 | 0.91 0.91 0.50
dndf 2 | 1000 | 0.94 0.96 0.50
dndf 3 | 1000 | 0.91 0.91 0.50

Additional Results on Moment Propagation. We use the time function from the time module of python
to estimate the runtime of each method, as the runtimes of these methods are on the order of minutes rather than
sub-seconds this method is viable. Storing all samples can be memory intensive. Hence, we employ a batched,
online algorithm (Pebay, 2008) for moment estimation from samples. We use a batch size of npatcn = 50.

Tables 6, 7, and 8 provide additional results on moment propagation for different methods on synthetic data.
As in the main text, we find that layer-wise Taylor approximations (1d-T1, 1d-T2-Tr) match or outperform
their high-dimensional counterparts (T1,T2) while being more memory efficient. For tanh and to a lesser extent
GELU nonlinearities, performance can be slightly improved by including Gaussian moment closure (1d-T2-GC).
For | = 2 first order methods (T1, 1d-T1) perform badly on GELU but not ReLU. For [ = 3 first order methods
perform poorly on both GELU and ReLU and errors are comparable in this case. PTPE shows best performance for
nonlinearities other than sigmoid, where it fails. When comparing results between inif and indf, we find that
they are qualitatively similar. For dndf the errors are considerably larger than in the inif and indf cases. In
summary, this means that PTPE is a strong baseline for moment propagation but layer-wise second order Taylor
approximations can be a viable alternative. We prefer Gaussian moment closure (1d-T2-GC) over truncation
(1d-T2) as this approach can sometimes improve performance, but only marginally increases computation cost
in the case of elementwise functions.
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Table 5: Accuracy for the Transductively Trained Models on Synthetic Data When Evaluated on the Mean.
Note that these are all equal for the same hyperparameters on different datasets because the datasets have the
same mean and only differ in their correlation structure.

dataset | L | activation | reps | fi | Qtest | Qtrain | Qrand
inif 2 ReLU 1000 | 16 | 0.92 0.91 0.50
inif 3 RelLU 1000 | 16 | 0.90 0.93 0.50
inif 2 tanh 1000 | 16 | 0.92 0.92 0.50
inif 3 tanh 1000 | 16 | 0.90 0.92 0.50
inif 2 GELU 1000 | 16 | 0.90 0.91 0.50
inif 3 GELU 1000 | 16 | 0.92 0.94 0.50
inif 2 sigmoid | 1000 | 16 | 0.92 | 0.91 0.50
inif 3 sigmoid 1000 | 16 | 0.90 0.93 0.50
indf 2 RelLU 1000 | 16 | 0.92 0.91 0.50
indf 3 ReLU 1000 | 16 | 0.90 0.93 0.50
indf 2 tanh 1000 | 16 | 0.92 0.92 0.50
indf 3 tanh 1000 | 16 | 0.90 0.92 0.50
indf 2 GELU 1000 | 16 | 0.92 0.91 0.50
indf 3 GELU 1000 | 16 | 0.92 0.94 0.50
indf 2 sigmoid | 1000 | 16 | 0.92 | 0.91 0.50
indf 3 sigmoid 1000 | 16 | 0.90 0.93 0.50
dndf 2 ReLU 1000 | 16 | 0.92 0.91 0.50
dndf 3 ReLU 1000 | 16 | 0.90 0.93 0.50
dndf 2 tanh 1000 | 16 | 0.92 0.92 0.50
dndf 3 tanh 1000 | 16 | 0.90 0.92 0.50
dndf 2 GELU 1000 | 16 | 0.92 0.91 0.50
dndf 3 GELU 1000 | 16 | 0.92 0.94 0.50
dndf 2 sigmoid 1000 | 16 | 0.92 0.91 0.50
dndf 3 sigmoid 1000 | 16 | 0.90 0.93 0.50

Additional Results on Robustness. Tables 9, 10, and 11 show additional results on robustness for synthetic
data for GCNs with GELU, ReLU, tanh, and sigmoid nonlinearities and L = 2 and L = 3 layers with f; = fo = 16
hidden features.

As a baseline method, we implement the method presented in Cohen et al. (Cohen et al., 2019). The algorithm
has four hyperparameters, which we set as follows: A sample size ng = 100, a (ideally larger) sample size
n1 = 9900, a confidence § = 0.05, and a standard deviation o = %ﬁ Z?Zf‘i o; of the isotropic Gaussian noise
distribution. In contrast to our approach, Cohen et al. assume isotropic Gaussian noise. We can thus not use
the same feature distribution as in our method. Instead, we use an isotropic Gaussian with standard deviation

equal to the average empirically estimated standard deviation of our samples.

Additional Results on Generalization. The results on generalization bounds for the synthetic data are in
Table 12.

J.2 Real-world Data

Datasets. In our experiments, we use seven real-world graphs from different domains including sci-
entific collaboration, online encyclopedias, and academic web pages. All datasets are obtained from
torch _geometric.datasets (Fey et al., 2025). Below we report the number of nodes n, the number of edges m,
and the node feature dimension fy of each graph, as well as what nodes and edges represent.

e The Cornell (n = 183, m = 298, fo = 1703), Texas (n = 183, m = 325, fo = 1703), and Wisconsin
(n = 251, m = 515, fo = 1703) datasets are part of the WebKB collection. Nodes represent academic
webpages and edges represent hyperlinks between them. The node features are bag-of-words features created
from the content of each webpage.

e The Cora (n = 2708, m = 10,556, fo = 1433) and Citeseer (n = 3327, m = 9104, fo = 3703) are part of
the Planetoid collection. Nodes represent scientific publications and edges indicate citations. Node features
are bag-of-words features created from the abstract of a given publication.
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Table 6: inif Dataset: Moment Propagation in Terms of Ly-norm || -||2, Wasserstein distance Wa, and Runtime
T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | ||it — finacllz | [ID2 =D yellr | WoeW,Nuc) | T (seconds)
2 | 16 ReLU T1 0.05 0.02 0.05 5.07
2 | 16 ReLU T2-Tr 0.08 0.01 0.09 2.03
2 | 16 ReLU PTPE 0.0003 0.002 0.005 7.96
2 | 16 ReLU 1d-T1 0.05 0.02 0.05 10.21
2 | 16 ReLU 1d-T2-Tr 0.08 0.02 0.09 9.99
2 | 16 ReLU 1d-T2-GC 0.08 0.02 0.09 10.31
2 | 16 ReLU sampling 0.00 0.00 0.00 1.79
2 | 16 GELU T1 0.18 0.01 0.18 5.84
2 | 16 GELU T2-Tr 0.001 0.03 0.05 2.02
2 | 16 GELU PTPE 0.02 0.003 0.02 8.09
2 | 16 GELU 14-T1 0.18 0.01 0.18 10.45
2 | 16 GELU 1d-T2-Tr 0.0004 0.04 0.04 10.09
2 | 16 GELU 1d-T2-GC 0.0005 0.01 0.02 10.28
2 116 GELU sampling 0.00 0.00 0.00 1.99
2 | 16 tanh T1 0.04 0.01 0.05 4.85
2 | 16 tanh T2-Tr 0.001 0.01 0.03 1.52
2 | 16 tanh PTPE 0.003 0.001 0.004 8.19
2 | 16 tanh 1d-T1 0.04 0.01 0.05 9.98
2 | 16 tanh 1d-T2-Tr 0.001 0.01 0.02 10.20
2 | 16 tanh 1d-T2-GC 0.001 0.01 0.01 10.34
2 |16 tanh sampling 0.00 0.00 0.00 1.81
2 | 16 | sigmoid T1 0.03 0.003 0.03 5.02
2 | 16 | sigmoid T2-Tr 0.0002 0.003 0.03 1.63
2 | 16 | sigmoid PTPE 13.45 0.30 13.45 8.33
2 | 16 | sigmoid 1d-T1 0.03 0.003 0.03 9.99
2 | 16 | sigmoid | 1d-T2-Tr 0.0002 0.002 0.007 10.19
2 | 16 | sigmoid | 1d-T2-GC 0.0002 0.002 0.002 10.35
2 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.76
3|16 ReLU T1 0.27 0.05 0.27 6.77
3|16 ReLU T2-Tr 0.29 0.05 0.29 2.63
3|16 ReLU PTPE 0.0003 0.004 0.007 14.38
3|16 ReLU 14-T1 0.27 0.05 0.27 16.73
3|16 ReLU 1d-T2-Tr 0.28 0.06 0.29 16.41
3|16 ReLU 1d-T2-GC 0.29 0.06 0.29 16.86
3| 16 ReLU sampling 0.00 0.00 0.00 1.78
3|16 GELU T1 0.27 0.02 0.27 5.89
3|16 GELU T2-Tr 0.0006 0.06 0.04 2.71
3|16 GELU PTPE 0.02 0.01 0.03 14.26
3|16 GELU 1d-T1 0.27 0.02 0.27 16.63
3|16 GELU 1d-T2-Tr 0.0006 0.08 0.04 16.33
3|16 GELU 1d-T2-GC 0.0006 0.04 0.02 16.74
3|16 GELU sampling 0.00 0.00 0.00 4.03
3|16 tanh T1 0.04 0.01 0.04 6.86
3|16 tanh T2-Tr 0.002 0.01 0.03 2.03
3|16 tanh PTPE 0.01 0.004 0.006 14.29
3|16 tanh 14-T1 0.04 0.01 0.04 16.30
3|16 tanh 1d-T2-Tr 0.002 0.017 0.02 16.57
3|16 tanh 1d-T2-GC 0.002 0.017 0.01 16.94
3116 tanh sampling 0.00 0.00 0.00 1.64
3 | 16 | sigmoid T1 0.09 0.05 0.10 7.03
3 | 16 | sigmoid T2-Tr 0.01 0.05 0.06 2.01
3 | 16 | sigmoid PTPE 14.67 0.64 14.68 14.42
3 | 16 | sigmoid 14-T1 0.09 0.05 0.10 16.15
3|16 sigmoid 14-T2-Tr 0.01 0.05 0.05 16.47
3 | 16 | sigmoid | 1d-T2-GC 0.01 0.05 0.04 16.81
3 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.63

e The Chameleon (n = 2277, m = 36,101, fo = 2325) and Squirrel (n = 5201, m = 217,073, fo = 2089)
datasets are part of the WikipediaNetwork collection. Nodes represent webpages of the online encyclopedia
Features are bag-of-words features

Wikipedia, and edges indicate hyperlinks between these webpages.
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Table 7: indf Dataset: Moment Propagation in Terms of Ly-norm || -||2, Wasserstein distance Wa, and Runtime
T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | ||it — finacllz | [ID2 =D yellr | WoeW,Nuc) | T (seconds)
2 |16 ReLU T1 0.05 0.03 0.05 5.14
2 | 16 ReLU T2-Tr 0.08 0.03 0.09 2.06
2|16 ReLU PTPE 0.0006 0.004 0.008 8.12
2 | 16 ReLU 1d-T1 0.05 0.03 0.05 10.38
2|16 ReLU 1d-T2-Tr 0.08 0.03 0.09 10.13
2 | 16 ReLU 1d-T2-GC 0.08 0.03 0.09 10.23
2|16 ReLU sampling 0.00 0.00 0.00 1.63
2 | 16 GELU T1 0.18 0.02 0.18 5.82
2|16 GELU T2-Tr 0.002 0.04 0.06 2.15
2 | 16 GELU PTPE 0.02 0.01 0.02 7.89
2|16 GELU 1d-T1 0.18 0.02 0.18 10.45
2 | 16 GELU 1d-T2-Tr 0.001 0.05 0.06 10.01
2|16 GELU 1d-T2-GC 0.002 0.02 0.06 10.29
2 116 GELU sampling 0.00 0.00 0.00 1.99
2|16 tanh T1 0.07 0.04 0.08 4.94
2 | 16 tanh T2-Tr 0.004 0.04 0.06 1.43
2|16 tanh PTPE 0.003 0.003 0.007 8.29
2 | 16 tanh 1d-T1 0.07 0.04 0.08 9.93
2|16 tanh 1d-T2-Tr 0.004 0.04 0.04 10.05
2 | 16 tanh 1d-T2-GC 0.004 0.04 0.04 10.22
2 |16 tanh sampling 0.00 0.00 0.00 1.69
2 | 16 | sigmoid T1 0.06 0.01 0.06 4.91
2 |16 sigmoid T2-Tr 0.0007 0.001 0.04 1.52
2 | 16 | sigmoid PTPE 13.45 0.61 13.45 8.22
2 | 16 | sigmoid 1d-T1 0.06 0.01 0.06 9.85
2 | 16 | sigmoid 1d-T2-Tr 0.0006 0.01 0.02 9.98
2 | 16 | sigmoid | 1d-T2-GC 0.0006 0.008 0.01 10.19
2 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.78
3|16 ReLU T1 0.28 0.08 0.29 6.81
3|16 ReLU T2-Tr 0.28 0.08 0.29 2.59
3|16 ReLU PTPE 0.0006 0.01 0.01 14.25
3|16 ReLU 1d-T1 0.28 0.08 0.29 16.41
3|16 ReLU 1d-T2-Tr 0.28 0.08 0.29 16.38
3|16 ReLU 1d-T2-GC 0.28 0.09 0.29 16.50
3| 16 ReLU sampling 0.00 0.00 0.00 1.72
3|16 GELU T1 0.32 0.08 0.33 5.84
3|16 GELU T2-Tr 0.002 0.12 0.08 2.68
3|16 GELU PTPE 0.02 0.01 0.03 14.07
3|16 GELU 1d-T1 0.32 0.08 0.33 16.53
3|16 GELU 1d-T2-Tr 0.002 0.16 0.08 16.15
3|16 GELU 1d-T2-GC 0.002 0.12 0.05 16.56
3|16 GELU sampling 0.00 0.00 0.00 4.07
3|16 tanh T1 0.07 0.05 0.07 6.70
3|16 tanh T2-Tr 0.01 0.05 0.05 2.04
3|16 tanh PTPE 0.01 0.01 0.01 14.39
3|16 tanh 1d-T1 0.07 0.05 0.07 16.01
3|16 tanh 1d-T2-Tr 0.01 0.05 0.04 16.37
3|16 tanh 1d-T2-GC 0.01 0.05 0.03 16.57
3116 tanh sampling 0.00 0.00 0.00 1.77
3 | 16 | sigmoid T1 0.17 0.15 0.20 6.87
3 | 16 | sigmoid T2-Tr 0.04 0.16 0.13 1.93
3 | 16 | sigmoid PTPE 14.67 1.27 14.69 14.27
3 | 16 | sigmoid 14-T1 0.17 0.15 0.20 15.96
3| 16 | sigmoid | 1d-T2-Tr 0.04 0.16 0.13 16.12
3 | 16 | sigmoid | 1d-T2-GC 0.04 0.14 0.10 16.32
3 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.83

created from the content of each webpage.

We treat all graphs as undirected graphs. As the full covariance matrix has size (n f0)2 entries, using the initial
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Table 8: dndf Dataset: Moment Propagation in Terms of Ly-norm || -||2, Wasserstein distance Wa, and Runtime
T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | ||it — finacllz | [ID2 =D yellr | WoeW,Nuc) | T (seconds)
2 |16 ReLU T1 0.18 0.97 0.23 4.93
2 | 16 ReLU T2-Tr 0.17 0.97 0.27 1.95
2 | 16 ReLU PTPE 0.002 0.14 0.04 7.88
2 | 16 ReLU 1d-T1 0.18 0.97 0.23 10.05
2 | 16 ReLU 1d-T2-Tr 0.16 0.99 0.26 9.76
2 | 16 ReLU 1d-T2-GC 0.16 1.01 0.25 10.01
2|16 ReLU sampling 0.00 0.00 0.00 1.67
2 | 16 GELU T1 0.31 1.13 0.40 5.69
2|16 GELU T2-Tr 0.03 1.14 0.32 2.23
2 |16 GELU PTPE 0.02 0.17 0.07 7.85
2|16 GELU 1d-T1 0.31 1.13 0.40 10.37
2 | 16 GELU 1d-T2-Tr 0.02 1.18 0.32 9.82
2|16 GELU 1d-T2-GC 0.02 2.52 0.71 10.11
2 116 GELU sampling 0.00 0.00 0.00 2.04
2|16 tanh T1 0.22 0.69 0.29 4.80
2 | 16 tanh T2-Tr 0.03 0.69 0.26 1.42
2|16 tanh PTPE 0.004 0.12 0.04 8.01
2 | 16 tanh 1d-T1 0.22 0.69 0.29 9.71
2|16 tanh 1d-T2-Tr 0.03 0.67 0.24 9.86
2 | 16 tanh 1d-T2-GC 0.03 0.67 0.20 10.16
2 |16 tanh sampling 0.00 0.00 0.00 1.60
2 | 16 | sigmoid T1 0.16 0.27 0.19 4.85
2 | 16 | sigmoid T2-Tr 0.004 0.27 0.16 1.57
2 | 16 | sigmoid PTPE 13.42 7.81 13.47 8.11
2 | 16 | sigmoid 1d-T1 0.16 0.27 0.19 9.64
2 | 16 | sigmoid | 1d-T2-Tr 0.004 0.22 0.15 9.92
2 | 16 | sigmoid | 1d-T2-GC 0.004 0.21 0.08 10.02
2 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.65
3|16 ReLU T1 0.67 7.16 0.87 6.60
3|16 ReLU T2-Tr 0.51 7.23 0.81 2.50
3|16 ReLU PTPE 0.01 0.27 0.16 13.88
3|16 ReLU 1d-T1 0.67 7.16 0.87 16.10
3|16 ReLU 1d-T2-Tr 0.51 7.24 0.81 15.95
3|16 ReLU 1d-T2-GC 0.51 7.93 0.80 16.33
3| 16 ReLU sampling 0.00 0.00 0.00 1.84
3|16 GELU T1 0.66 9.89 1.08 5.62
3|16 GELU T2-Tr 0.16 9.92 0.93 2.53
3|16 GELU PTPE 0.03 0.53 0.25 13.96
3|16 GELU 1d-T1 0.66 9.89 1.08 16.21
3|16 GELU 1d-T2-Tr 0.16 10.25 0.95 15.93
3|16 GELU 1d-T2-GC 0.16 14.44 0.85 16.31
3|16 GELU sampling 0.00 0.00 0.00 3.90
3|16 tanh T1 0.45 3.20 0.66 6.74
3|16 tanh T2-Tr 0.08 3.23 0.62 1.96
3|16 tanh PTPE 0.008 0.64 0.12 14.07
3|16 tanh 1d-T1 0.45 3.20 0.66 15.86
3|16 tanh 1d-T2-Tr 0.08 3.32 0.62 16.05
3|16 tanh 1d-T2-GC 0.08 3.30 0.47 16.28
3 | 16 tanh sampling 0.00 0.00 0.00 1.50
3 | 16 | sigmoid T1 0.34 1.95 0.47 6.81
3 | 16 | sigmoid T2-Tr 0.13 2.00 0.40 2.01
3 | 16 | sigmoid PTPE 14.66 11.47 14.72 14.43
3 | 16 | sigmoid 14-T1 0.34 1.94 0.47 15.96
3 | 16 | sigmoid | 1d-T2-Tr 0.11 1.95 0.40 16.31
3 | 16 | sigmoid | 1d-T2-GC 0.11 1.85 0.33 16.45
3 | 16 | sigmoid | sampling 0.00 0.00 0.00 1.81

high-dimensional node features leads to prohibitively large matrices. For example, the full covariance matrix of
the Citeseer dataset has ca. 150 x 10'2 entries requiring approximately 600 TB of storage using 32 bit floating
point numbers. We thus resort to dimensionality reduction and use 5-dimensional (fy = 5) node features,
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Table 9: inif Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number of

hidden dimensions, pg%’}lT and pgfﬁﬁ{T are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e5/4%L. and €S . are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, 77" and T¢"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

L | fi | activation | method | pZhmb. | pShn, | elhml | &hn . | TThmt | pChn C

2 | 16 ReLU sample 0.95 1.00 0.08 0.84 3.85 563.70 | 29.99
2 |16 GELU sample 0.96 1.00 0.03 0.84 3.94 575.14 | 100.08
2 | 16 tanh sample 0.96 1.00 0.04 0.84 3.77 557.77 | 66.93
2 | 16 | sigmoid sample 0.97 1.00 0.09 0.84 3.71 553.01 | 26.44
2 | 16 ReLU PTPE 0.95 1.00 0.09 0.84 9.59 563.70 | 29.99
2 | 16 GELU PTPE 0.96 1.00 0.03 0.84 9.62 575.14 | 100.08
2 | 16 tanh PTPE 0.96 1.00 0.04 0.84 9.74 557.77 | 66.93
2 | 16 | sigmoid PTPE 0.94 1.00 0.07 0.84 9.86 553.01 | 26.44
2 | 16 RelLU 1d-T2-GC 0.95 1.00 0.09 0.84 11.94 | 563.70 | 29.99
2 | 16 GELU 1d-T2-GC 0.96 1.00 0.03 0.84 11.81 | 575.14 | 100.08
2 | 16 tanh 1d-T2-GC 0.95 1.00 0.04 0.84 11.88 | 557.77 | 66.93
2 | 16 | sigmoid | 1d-T2-GC 0.97 1.00 0.09 0.84 11.88 | 553.01 | 26.44
2 | 16 ReLU T1 0.95 1.00 0.09 0.84 6.70 563.70 | 29.99
2 | 16 GELU T1 0.96 1.0 0.03 0.84 7.37 575.14 | 100.08
2 | 16 tanh T1 0.95 1.00 0.04 0.84 6.40 557.77 | 66.93
2 | 16 | sigmoid T1 0.97 1.00 0.09 0.84 6.55 553.01 | 26.44
3| 16 RelLU sample 0.92 1.00 0.04 0.83 3.74 576.05 | 71.06
3116 GELU sample 0.91 1.00 0.01 0.83 5.98 578.42 | 266.41
3| 16 tanh sample 0.92 1.00 0.01 0.83 3.59 570.56 | 435.14
3| 16 sigmoid sample 0.94 1.00 0.01 0.84 3.58 569.09 | 308.82
3| 16 RelU PTPE 0.92 1.00 0.04 0.83 15.92 | 576.05 | 71.06
3| 16 GELU PTPE 0.91 1.00 0.01 0.83 15.81 578.42 | 266.41
3| 16 tanh PTPE 0.92 1.00 0.01 0.83 15.83 | 570.56 | 435.14
3| 16 sigmoid PTPE 0.93 1.0 0.01 0.84 15.95 569.09 | 308.82
3| 16 RelLU 1d-T2-GC 0.92 1.00 0.04 0.83 18.40 | 576.05 | 71.06
3| 16 GELU 1d-T2-GC 0.91 1.00 0.01 0.83 18.28 578.42 | 266.41
3| 16 tanh 1d-T2-GC 0.92 1.00 0.01 0.83 18.48 | 570.56 | 435.14
3| 16 sigmoid 1d-T2-GC 0.95 1.00 0.01 0.84 18.34 569.09 | 308.82
3| 16 RelU T1 0.92 1.00 0.04 0.83 8.31 576.05 | 71.06
3| 16 GELU T1 0.91 1.00 0.01 0.83 7.43 578.42 | 266.41
3| 16 tanh T1 0.92 1.00 0.01 0.83 8.40 570.56 | 435.14
3| 16 sigmoid T1 0.95 1.00 0.01 0.84 8.56 569.09 | 308.82

obtained via Singular Value Decomposition (SVD), as input to our models.

To control for the influence of the relative size of the training data across datasets, we create our own train-test
splits. We randomly assign 25% of nodes to the training data, and 75% of nodes to the test data. We do not
use a validation set.

To obtain probabilistic features, we treat the features after SVD as the mean of a multivariate Gaussian distribu-
tion with diagonal covariance matrix ¥ = diag(c;,...,02 7o) With ;5 = v X;;], where v = 0.05 is the coefficient
of variation and governs the size of the standard deviation relative to absolute magnitude the mean.

Architectures and Training. We study GCN architectures with L = 2 and L = 3 layers in combination
with four nonlinearities ¢ € {ReLU, GELU, tanh, sigmoid}. We hold the embedding dimension f; constant across
layers [, setting f; = 4 or f; = 8 based on dataset size and test performance. For our SGC architectures, we also
consider L = 2 and L = 3 layers. Note that for SGC does not have hidden embeddings. The dimension of the
resulting embedding is equal to the number of classes. We use a Xavier initialization with rescaling based on the
fan-in, and set bias terms in GCN initially to zero. The SGC architecture does not have bias terms. Models are
implemented using equinox (Kidger and Garcia, 2021) and jax (DeepMind et al., 2020).

We train all models using the AdaGrad optimizer with full-batch gradients and initial learning rate of
n = 1073 as implemented in optax (DeepMind et al., 2020) and select the number of epochs nepocn €
{250, 500, 1000, 2000, 4000} based on best test performance.
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Table 10: indf Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number of

hidden dimensions, pg%’}lT and pg?ﬁ{T are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e54nL. and €S, are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, 77" and T¢"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

L | fi | activation | method | pZhmb. | pShn, | elhml | &hn . | TThmt | pChn C

2 | 16 RelU sample 0.93 1.00 0.08 0.84 3.58 573.54 | 30.10
2 | 16 GELU sample 0.94 1.00 0.02 0.84 3.95 584.82 | 100.73
2 | 16 tanh sample 0.93 1.00 0.04 0.84 3.65 577.36 | 66.91
2 | 16 | sigmoid sample 0.94 1.00 0.09 0.84 3.72 579.67 | 26.44
2 | 16 ReLU PTPE 0.93 1.00 0.08 0.84 9.66 573.54 | 30.10
2 |16 GELU PTPE 0.94 1.00 0.02 0.84 9.42 584.82 | 100.73
2 | 16 tanh PTPE 0.93 1.00 0.04 0.84 9.83 577.36 | 66.91
2 | 16 | sigmoid PTPE 0.93 1.00 0.07 0.84 9.74 579.67 | 26.44
2|16 ReLU 1d-T2-GC 0.93 1.00 0.08 0.84 11.82 573.54 | 30.10
2 |16 GELU 1d-T2-GC 0.94 1.00 0.02 0.84 11.82 584.82 | 100.73
2 | 16 tanh 1d-T2-GC 0.93 1.00 0.04 0.84 11.76 | 577.36 | 66.91
2 |16 sigmoid 1d-T2-GC 0.94 1.00 0.09 0.84 11.71 579.67 | 26.44
2 | 16 ReLU T1 0.93 1.00 0.08 0.84 6.67 573.54 | 30.10
2 | 16 GELU T1 0.94 1.00 0.02 0.84 7.34 584.82 | 100.73
2 | 16 tanh T1 0.93 1.00 0.04 0.84 6.49 577.36 | 66.91
2 |16 sigmoid T1 0.94 1.00 0.09 0.84 6.44 579.67 | 26.44
3|16 ReLU sample 0.87 1.00 0.04 0.83 3.67 594.13 | T71.22
3116 GELU sample 0.83 1.00 0.01 0.82 6.02 616.99 | 264.55
3| 16 tanh sample 0.90 1.00 0.01 0.83 3.74 609.29 | 435.26
3| 16 sigmoid sample 0.91 1.00 0.01 0.84 3.78 589.20 | 309.03
3|16 ReLU PTPE 0.87 1.00 0.04 0.83 15.80 594.13 | 71.22
3| 16 GELU PTPE 0.83 1.00 0.01 0.82 15.61 616.99 | 264.55
3| 16 tanh PTPE 0.90 1.00 0.01 0.83 15.93 | 609.29 | 435.26
3| 16 sigmoid PTPE 0.92 1.00 0.01 0.84 15.81 589.20 | 309.03
3|16 ReLU 1d-T2-GC 0.89 1.00 0.03 0.83 18.05 594.13 | 71.22
3| 16 GELU 1d-T2-GC 0.83 1.00 0.01 0.82 18.10 616.99 | 264.55
3| 16 tanh 1d-T2-GC 0.90 1.00 0.01 0.83 18.10 | 609.29 | 435.26
3| 16 sigmoid 1d-T2-GC 0.91 1.00 0.01 0.84 17.87 589.20 | 309.03
3| 16 RelU T1 0.89 1.00 0.03 0.83 8.36 594.13 | 71.22
3| 16 GELU T1 0.83 1.00 0.01 0.82 7.38 616.99 | 264.55
3| 16 tanh T1 0.90 1.00 0.01 0.83 8.23 609.29 | 435.26
3| 16 sigmoid T1 0.91 1.00 0.01 0.84 8.42 589.20 | 309.03

For real-world data, Tables 13 and 14 report the accuracy results for the inductively trained SGC models and
the transductively trained GCN models, respectively.

Additional Results on Moment Propagation. Tables 15, 16, 17, 18, 19, 20, and 21 contain results on
moment propagation for the Cornell, Wisconsin, Texas, Cora, Citeseer, Chameleon, and Squirrel datasets,
respectively.

Additional Results on Robustness Radii. Tables 22, 23, 24, 25, 26, 27, and 28 list results on certified
adversarial robustness radii for the Cornell, Wisconsin, Texas, Cora, Citeseer, Chameleon, and Squirrel
datasets, respectively.

Additional Results on Generalization. Table 29 presents the generalization bounds for for the Cornell,
Wisconsin, Texas, Cora, Citeseer, Chameleon, and Squirrel datasets.
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Table 11: dndf Dataset: Certified adversarial robustness radii. L is the number of layers, f; is the number of
hidden dimensions, pZAmL. and p&hn. . are the percentage of nodes for which a positive radius could be certified
with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, €54, and €S are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

fi | activation | method | pZhmb. | pGhn.,. | eZhml | Shn . | pThml | pChn C

16 ReLU sample 0.72 1.00 0.06 0.85 3.62 604.63 | 30.08
16 GELU sample 0.71 1.00 0.02 0.85 4.00 604.64 | 99.98
16 tanh sample 0.84 1.00 0.03 0.85 3.55 594.43 | 66.92
16 | sigmoid sample 0.85 1.00 0.07 0.85 3.60 597.25 | 26.46
16 ReLU PTPE 0.72 1.00 0.06 0.85 9.41 604.63 | 30.08
16 GELU PTPE 0.71 1.00 0.02 0.85 9.38 604.64 | 99.98
16 tanh PTPE 0.83 1.00 0.03 0.85 9.53 594.43 | 66.92
16 | sigmoid PTPE 0.79 1.00 0.05 0.85 9.63 597.25 | 26.46

16 RelU 1d-T2-GC 0.72 1.00 0.06 0.85 11.54 | 604.63 | 30.08
16 GELU 1d-T2-GC 0.71 1.00 0.02 0.85 11.63 | 604.64 | 99.98
16 tanh 1d-T2-GC 0.84 1.00 0.03 0.85 11.68 | 594.43 | 66.92
16 | sigmoid | 1d-T2-GC 0.85 1.00 0.07 0.85 11.54 | 597.25 | 26.46

L
2
2
2
2
2
2
2
2
2
2
2
2
2 | 16 RelU T1 0.72 1.00 0.06 0.85 6.46 604.63 | 30.08
2 |16 GELU T1 0.71 1.00 0.02 0.85 7.22 604.64 | 99.98
2 | 16 tanh T1 0.84 1.00 0.03 0.85 6.33 594.43 | 66.92
2 | 16 | sigmoid T1 0.85 1.00 0.07 0.85 6.38 597.25 | 26.46
3|16 RelLU sample 0.47 1.00 0.02 0.84 3.81 622.51 | 71.36
3|16 GELU sample 0.40 1.00 0.01 0.84 5.84 903.78 | 266.71
3|16 tanh sample 0.61 1.00 0.004 0.84 3.46 601.25 | 435.20
3 | 16 | sigmoid sample 0.79 1.00 0.01 0.86 3.77 586.11 | 309.56
3|16 RelLU PTPE 0.47 1.00 0.02 0.84 15.43 | 622.51 | 71.36
3|16 GELU PTPE 0.40 1.00 0.01 0.84 15.47 | 903.78 | 266.71
3|16 tanh PTPE 0.61 1.00 0.004 0.84 15.61 | 601.25 | 435.20
3 | 16 | sigmoid PTPE 0.75 1.00 0.004 0.86 15.97 | 586.11 | 309.56
3|16 ReLU 1d-T2-GC 0.47 1.00 0.02 0.84 17.89 | 622.51 | 71.36
3|16 GELU 1d-T2-GC 0.40 1.00 0.005 0.84 17.84 | 903.78 | 266.71
3|16 tanh 1d-T2-GC 0.61 1.00 0.004 0.84 17.81 | 601.25 | 435.20
3 | 16 | sigmoid | 1d-T2-GC 0.80 1.00 0.01 0.86 17.99 | 586.11 | 309.56
3|16 RelLU T1 0.47 1.00 0.02 0.84 8.15 622.51 | 71.36
3|16 GELU T1 0.41 1.00 0.01 0.84 7.15 903.78 | 266.71
3|16 tanh T1 0.61 1.00 0.004 0.84 8.28 601.25 | 435.20
3 | 16 | sigmoid T1 0.79 1.00 0.01 0.86 8.34 586.11 | 309.56

Table 12: Generalization Bounds on Synthetic Data.

dataset | L | emp. LHS | RHS | C | M | ps | pp | K | x
inif 2 4.75 164.94 | 75.68 | 4.75 | 0.90 | 0.92 | 1.97 | 185
inif 3 5.11 141.29 | 63.15 | 5.11 | 0.89 | 0.91 | 1.97 | 185
indf 2 4.76 189.09 | 87.85 | 4.76 | 0.90 | 0.92 | 1.97 | 185
indf 3 5.12 152.30 | 68.69 | 5.12 | 0.89 | 0.91 | 1.97 | 185
dndf 2 4.75 134.94 | 60.53 | 4.75 | 0.90 | 0.92 | 1.97 | 185
dndf 3 5.10 133.47 | 59.22 | 5.10 | 0.89 | 0.91 | 1.97 | 185
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Table 13: Accuracy for Inductively Trained Models on Real-world Data.

dataset L | reps | Qest | Qtrain | Qrand
Cornell 2 | 4000 | 0.53 0.90 0.20
Cornell 3 | 1000 | 0.53 0.83 0.20
Wisconsin | 2 | 1000 | 0.54 0.93 0.20
Wisconsin | 3 | 1000 | 0.52 0.91 0.20
Texas 2 500 0.58 0.85 0.20
Texas 3 250 0.54 0.78 0.20
Cora 2 | 2000 | 0.57 0.51 0.14
Cora 3 | 2000 | 0.55 0.51 0.14
Citeseer 2 | 1000 | 0.68 0.63 0.17
Citeseer 3 | 1000 | 0.67 0.63 0.17
Chameleon | 2 250 0.30 0.42 0.20
Chameleon | 3 | 4000 | 0.30 0.43 0.20
Squirrel 2 250 0.22 0.26 0.20
Squirrel | 3 | 250 | 0.23 0.22 0.20
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Table 14: Accuracy for Transductively Trained Models on Real-world Data.

dataset L | fi | reps nonlin Qltest | Qitrain | Olrand
Cornell 2 1 4 | 500 RelLU 0.49 0.68 0.20
Cornell 2 | 4| 250 GELU 0.41 | 0.61 0.20
Cornell 2 | 4 | 1000 tanh 0.45 | 0.93 0.20
Cornell 2 | 4 | 500 | sigmoid | 0.52 | 0.66 0.20
Cornell 3 | 8 | 1000 ReLU 0.37 | 1.00 0.20
Cornell 3| 8 | 500 GELU 0.42 1.00 0.20
Cornell 3|18 | 250 tanh 0.49 | 0.80 0.20
Cornell 3| 8 | 250 | sigmoid | 0.48 | 0.63 0.20
Wisconsin | 2 | 4 | 2000 ReLU 0.45 0.63 0.20
Wisconsin | 2 | 4 | 4000 tanh 0.52 0.95 0.20
Wisconsin | 2 | 4 | 250 GELU 0.46 0.57 0.20
Wisconsin | 2 | 4 | 4000 | sigmoid | 0.52 | 0.91 0.20
Wisconsin | 3 | 4 | 2000 ReLU 0.54 0.82 0.20
Wisconsin | 3 | 4 | 2000 GELU 0.49 1.00 0.20
Wisconsin | 3 | 4 | 500 tanh 0.45 0.86 0.20
Wisconsin | 3 | 4 | 250 | sigmoid | 0.46 0.52 0.20
Texas 2 | 4 | 4000 ReLU 0.56 1.00 0.20
Texas 2| 4 250 GELU 0.45 0.63 0.20
Texas 2 | 4| 250 tanh 0.52 0.76 0.20
Texas 2| 4| 250 | sigmoid | 0.51 | 0.59 0.20
Texas 3|4 | 250 ReLU 0.50 0.71 0.20
Texas 3 | 4 | 1000 GELU 0.47 1.00 0.20
Texas 3| 4 | 500 tanh 0.46 1.00 0.20
Texas 3 | 4 | 1000 | sigmoid | 0.50 | 0.93 0.20
Cora 2 | 8 | 1000 ReLU 0.69 0.80 0.14
Cora 2 | 8 | 2000 GELU 0.70 | 0.84 0.14
Cora 2 | 8 | 2000 tanh 0.68 | 0.81 0.14
Cora 2 | 8 | 4000 | sigmoid | 0.71 | 0.86 0.14
Cora 3 | 8 | 1000 ReLU 0.73 | 0.82 0.14
Cora 3 | 8 | 1000 GELU 0.72 | 0.87 0.14
Cora 3 | 8 | 2000 tanh 0.71 | 0.90 0.14
Cora 3 | 8 | 4000 | sigmoid | 0.72 0.93 0.14
Citeseer | 2 | 4 | 4000 ReLU 0.69 0.72 0.17
Citeseer | 2 | 4 | 4000 GELU 0.69 | 0.74 0.17
Citeseer | 2 | 4 | 2000 tanh 0.69 0.74 0.17
Citeseer | 2 | 4 | 2000 | sigmoid | 0.69 0.72 0.17
Citeseer | 3 | 4 | 1000 ReLU 0.65 0.69 0.17
Citeseer | 3 | 4 | 500 GELU 0.69 0.72 0.17
Citeseer | 3 | 4 | 1000 tanh 0.70 0.72 0.17
Citeseer | 3 | 4 | 4000 | sigmoid | 0.70 0.74 0.17
Chameleon | 2 | 8 | 4000 RelLU 0.55 0.61 0.20
Chameleon | 2 | 8 | 4000 GELU 0.56 | 0.66 0.20
Chameleon | 2 | 8 | 4000 tanh 0.58 0.68 0.20
Chameleon | 2 | 8 | 4000 | sigmoid | 0.58 0.68 0.20
Chameleon | 3 | 8 | 4000 RelU 0.56 0.66 0.20
Chameleon | 3 | 8 | 4000 GELU 0.62 | 0.76 0.20
Chameleon | 3 | 8 | 4000 tanh 0.56 0.67 0.20
Chameleon | 3 | 8 | 4000 | sigmoid | 0.62 0.69 0.20
Squirrel | 2 | 4 | 1000 ReLU 0.35 0.37 0.20
Squirrel | 2 | 4 | 2000 GELU 0.37 | 0.39 0.20
Squirrel | 2 | 4 | 4000 tanh 0.37 | 0.38 0.20
Squirrel | 2 | 4 | 4000 | sigmoid | 0.37 | 0.38 0.20
Squirrel | 3 | 4 | 4000 ReLU 0.38 0.37 0.20
Squirrel | 3 | 4 | 500 GELU 0.37 | 0.38 0.20
Squirrel | 3 | 4 | 4000 tanh 0.38 0.42 0.20
Squirrel | 3 | 4 | 4000 | sigmoid | 0.36 0.40 0.20
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Table 15: Cornell Dataset: Moment Propagation in Terms of Lo-norm || - ||2, Wasserstein distance W, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
21 4 ReLU T1 0.58 1.10 0.66 2.61
2| 4 ReLU T2-Tr 0.51 0.98 0.59 1.67
2| 4 ReLU PTPE NaN NaN NaN 2.13
2| 4 ReLU 14-T1 0.58 1.10 0.66 1.49
21 4 ReLU 1d4-T2-Tr 0.51 0.98 0.59 0.46
2| 4 ReLU 1d-T2-GC 0.51 1.28 0.61 0.46
2| 4 ReLU sampling 0.00 0.00 0.00 18.37
2| 4 GELU T1 0.21 0.07 0.22 2.71
21 4 GELU T2-Tr 0.01 0.09 0.13 1.67
2| 4 GELU PTPE 0.02 0.03 0.04 2.18
21 4 GELU 14-T1 0.21 0.07 0.23 1.55
21 4 GELU 1d-T2-Tr 0.01 0.08 0.12 0.47
2 4 GELU 1d-T2-GC 0.01 0.07 0.08 0.44
21 4 GELU sampling 0.00 0.00 0.00 20.07
2| 4 tanh T1 2.51 9.48 2.97 2.10
214 tanh T2-Tr 1.09 14.09 2.64 1.04
2| 4 tanh PTPE 0.14 1.66 0.43 2.30
21 4 tanh 1d-T1 2.51 9.48 2.97 0.66
2| 4 tanh 14-T2-Tr 0.84 11.09 2.18 0.39
214 tanh 1d-T2-GC 0.88 9.13 2.06 0.43
2| 4 tanh sampling 0.00 0.00 0.00 19.94
21 4 sigmoid T1 0.09 0.04 0.10 2.04
2| 4 sigmoid T2-Tr 0.01 0.04 0.07 1.06
21 4 sigmoid PTPE 11.36 0.22 11.37 2.30
2| 4 sigmoid 14-T1 0.09 0.04 0.10 0.69
21 4 sigmoid 1d-T2-Tr 0.01 0.04 0.05 0.41
2 4 sigmoid 1d-T2-GC 0.01 0.04 0.05 0.40
21 4 sigmoid | sampling 0.00 0.00 0.00 18.37
318 ReLU T1 4.32 41.08 5.95 2.65
318 ReLU T2-Tr 5.29 61.20 7.19 2.18
318 ReLU PTPE 0.29 9.80 1.01 2.87
318 ReLU 14-T1 4.32 41.08 5.95 2.35
318 ReLU 14-T2-Tr 5.49 50.71 7.42 1.53
318 ReLU 1d-T2-GC 5.49 55.00 7.41 1.59
318 ReLU sampling 0.00 0.00 0.00 19.73
318 GELU T1 7.84 83.04 10.46 2.83
318 GELU T2-Tr 18.28 675.86 21.04 2.25
318 GELU PTPE 0.31 25.07 1.93 2.99
318 GELU 14-T1 7.84 83.04 10.46 2.53
318 GELU 1d-T2-Tr 13.56 344.97 16.74 1.51
318 GELU 1d-T2-GC 15.61 1307.95 33.36 1.60
3|8 GELU sampling 0.00 0.00 0.00 22.39
318 tanh T1 0.34 0.26 0.40 2.30
318 tanh T2-Tr 0.04 0.31 0.29 1.39
318 tanh PTPE 0.04 0.09 0.11 3.09
318 tanh 14-T1 0.34 0.26 0.40 1.54
318 tanh 14-T2-Tr 0.04 0.26 0.22 1.43
318 tanh 1d-T2-GC 0.04 0.28 0.22 1.71
318 tanh sampling 0.00 0.00 0.00 20.62
318 sigmoid T1 0.03 0.002 0.04 2.27
3|8 sigmoid T2-Tr 0.002 0.003 0.03 1.44
318 sigmoid PTPE 9.50 0.06 9.51 3.11
318 sigmoid 14-T1 0.03 0.002 0.04 1.55
318 sigmoid 14-T2-Tr 0.002 0.002 0.02 1.48
318 sigmoid 1d-T2-GC 0.001 0.002 0.02 1.66
3|8 sigmoid | sampling 0.00 0.00 0.00 19.63
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Table 16: Wisconsin Dataset: Moment Propagation in Terms of Lo-norm || - ||2, Wasserstein distance W5, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
21 4 ReLU T1 1.86 8.28 2.23 2.64
2| 4 ReLU T2-Tr 2.88 17.87 3.59 1.79
2| 4 ReLU PTPE NaN NaN NaN 2.42
2| 4 ReLU 14-T1 1.86 8.28 2.234 1.87
21 4 ReLU 1d-T2-Tr 2.88 16.64 3.59 0.76
2| 4 ReLU 1d-T2-GC 2.88 8.04 3.06 0.80
2| 4 ReLU sampling 0.00 0.00 0.00 19.94
2| 4 GELU T1 0.18 0.14 0.19 2.69
21 4 GELU T2-Tr 0.01 0.15 0.09 2.09
2| 4 GELU PTPE 0.02 0.05 0.03 2.40
21 4 GELU 1d-T1 0.18 0.14 0.19 1.92
2| 4 GELU 14-T2-Tr 0.01 0.15 0.08 0.79
2 4 GELU 1d-T2-GC 0.01 0.19 0.06 0.84
2| 4 GELU sampling 0.00 0.00 0.00 22.15
2| 4 tanh T1 23.28 1995.77 54.54 2.12
214 tanh T2-Tr 178.20 34621.90 183.73 1.16
2| 4 tanh PTPE 3.34 171.48 11.01 2.39
21 4 tanh 1d-T1 23.28 1995.74 54.54 0.94
2| 4 tanh 14-T2-Tr 74.68 6683.33 83.13 0.76
214 tanh 1d-T2-GC 141.72 27030.57 210.48 0.74
2| 4 tanh sampling 0.00 0.00 0.00 19.94
21 4 sigmoid T1 15.33 1025.08 33.07 2.14
2| 4 sigmoid T2-Tr 134.67 20955.21 137.83 1.33
21 4 sigmoid PTPE 39.37 155.53 41.42 2.67
2| 4 sigmoid 14d-T1 15.33 1025.07 33.07 0.91
21 4 sigmoid | 1d-T2-Tr 16.08 528.86 25.21 0.74
2| 4 sigmoid | 1d-T2-GC 34.00 3022.77 60.05 0.75
21 4 sigmoid | sampling 0.00 0.00 0.00 20.38
3| 4 ReLU T1 4.69 67.06 6.32 2.61
314 ReLU T2-Tr 10.25 158.71 11.62 2.27
31| 4 ReLU PTPE NaN NaN NaN 2.55
314 ReLU 14-T1 4.69 67.06 6.32 2.06
314 ReLU 14-T2-Tr 10.21 137.66 11.79 0.96
314 ReLU 1d-T2-GC 10.20 130.39 12.73 1.02
3|4 RelLU sampling 0.00 0.00 0.00 21.15
314 GELU T1 94.79 21127.12 162.59 2.67
3| 4 GELU T2-Tr 50.35 27814.57 156.33 2.23
314 GELU PTPE 25.08 6014.98 51.09 2.70
3| 4 GELU 14-T1 94.79 21126.14 162.59 2.03
31 4 GELU 1d-T2-Tr 82.92 27571.39 170.54 1.01
3| 4 GELU 1d-T2-GC 95.38 28637.76 169.47 1.03
3| 4 GELU sampling 0.00 0.00 0.00 24.57
3| 4 tanh T1 2.40 8.77 3.57 2.25
31 4 tanh T2-Tr 1.11 14.89 3.59 1.53
31| 4 tanh PTPE 0.43 3.58 1.24 2.63
31 4 tanh 14-T1 2.40 8.77 3.57 1.17
3| 4 tanh 14-T2-Tr 1.50 11.29 3.45 0.90
314 tanh 1d-T2-GC 1.92 12.56 3.48 1.15
3|4 tanh sampling 0.00 0.00 0.00 21.99
3| 4 sigmoid T1 0.02 0.001 0.02 2.22
3| 4 sigmoid T2-Tr 0.001 0.001 0.02 1.41
314 sigmoid PTPE 3.63 0.02 3.63 2.82
3|4 sigmoid 14-T1 0.02 0.001 0.02 1.08
314 sigmoid | 1d-T2-Tr 0.001 0.001 0.003 1.00
31| 4 sigmoid | 1d-T2-GC 0.001 0.001 0.005 1.06
3| 4 sigmoid | sampling 0.00 0.00 0.00 21.66
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Table 17: Texas Dataset: Moment Propagation in Terms of Lo-norm || - ||z, Wasserstein distance Wy, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
21 4 ReLU T1 7.45 526.04 10.02 2.60
2| 4 ReLU T2-Tr 8.41 568.10 13.50 1.80
21 4 ReLU PTPE 0.47 NaN NaN 2.07
2| 4 ReLU 14-T1 7.45 526.04 10.02 1.53
21 4 ReLU 1d4-T2-Tr 8.30 558.14 13.84 0.42
214 ReLU 1d-T2-GC 8.17 720.87 11.90 0.47
2| 4 ReLU sampling 0.00 0.00 0.00 19.04
2| 4 GELU T1 0.13 0.04 0.14 2.68
21 4 GELU T2-Tr 0.01 0.05 0.08 1.79
2| 4 GELU PTPE 0.02 0.01 0.03 2.07
21 4 GELU 1d-T1 0.13 0.04 0.14 1.85
21 4 GELU 1d-T2-Tr 0.01 0.05 0.06 0.42
2 4 GELU 1d-T2-GC 0.01 0.04 0.04 0.47
2| 4 GELU sampling 0.00 0.00 0.00 20.35
2| 4 tanh T1 0.09 0.09 0.11 2.06
214 tanh T2-Tr 0.004 0.09 0.07 1.11
2| 4 tanh PTPE 0.02 0.02 0.02 2.31
21 4 tanh 1d-T1 0.09 0.09 0.11 0.67
2| 4 tanh 14-T2-Tr 0.005 0.08 0.06 0.46
214 tanh 1d-T2-GC 0.01 0.09 0.06 0.43
2| 4 tanh sampling 0.00 0.00 0.00 18.71
21 4 sigmoid T1 0.02 0.001 0.02 2.34
2| 4 sigmoid T2-Tr 0.0003 0.001 0.03 1.05
21 4 sigmoid PTPE 5.44 0.02 5.44 2.35
2| 4 sigmoid 14-T1 0.02 0.001 0.02 0.64
21 4 sigmoid | 1d-T2-Tr 0.0003 0.001 0.01 0.42
2| 4 sigmoid | 1d-T2-GC 0.0003 0.001 0.01 0.44
21 4 sigmoid | sampling 0.00 0.00 0.00 19.55
3| 4 ReLU T1 1.09 0.68 1.17 2.67
314 ReLU T2-Tr 1.17 0.60 1.25 1.78
31| 4 ReLU PTPE NaN NaN NaN 2.12
3| 4 ReLU 14-T1 1.09 0.68 1.17 1.66
3| 4 ReLU 14-T2-Tr 1.15 0.67 1.25 0.53
314 ReLU 1d-T2-GC 1.15 0.92 1.24 0.58
3|4 RelLU sampling 0.00 0.00 0.00 19.42
3| 4 GELU T1 7.32 277.57 11.73 2.75
3| 4 GELU T2-Tr 5.67 302.98 11.14 1.90
3| 4 GELU PTPE 0.31 41.38 3.11 2.17
3| 4 GELU 14-T1 7.32 277.56 11.73 1.76
31 4 GELU 1d-T2-Tr 6.57 305.02 11.75 0.54
314 GELU 1d-T2-GC 6.83 967.78 22.53 0.61
3| 4 GELU sampling 0.00 0.00 0.00 21.96
3| 4 tanh T1 2.80 66.49 5.36 2.09
3| 4 tanh T2-Tr 1.38 68.48 4.90 1.20
31| 4 tanh PTPE 0.31 7.07 1.03 2.37
31 4 tanh 14-T1 2.80 66.49 5.36 0.76
3| 4 tanh 14-T2-Tr 1.33 70.35 4.95 0.54
314 tanh 1d-T2-GC 1.34 68.06 5.27 0.66
3|4 tanh sampling 0.00 0.00 0.00 19.60
3| 4 sigmoid T1 6.65 131.54 9.79 2.12
3| 4 sigmoid T2-Tr 14.73 303.67 17.73 1.10
314 sigmoid PTPE 34.30 110.13 35.58 2.40
314 sigmoid 1d-T1 6.65 131.54 9.79 0.72
314 sigmoid | 1d-T2-Tr 3.99 103.11 8.96 0.57
314 sigmoid | 1d-T2-GC 19.33 2070.56 43.05 0.68
3| 4 sigmoid | sampling 0.00 0.00 0.00 19.46
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Table 18: Cora Dataset: Moment Propagation in Terms of Ly-norm || ||2, Wasserstein distance W5, and Runtime
T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
218 ReLU T1 2.57 0.86 2.63 37.65
2|8 ReLU T2-Tr 2.96 1.58 3.03 262.13
2|8 ReLU PTPE 0.01 0.37 0.07 1680.84
2|8 ReLU 14-T1 2.57 0.86 2.63 2559.09
2| 8 ReLU 1d-T2-Tr 2.96 1.46 3.03 2567.68
2|8 ReLU 1d-T2-GC 2.96 0.84 3.004 2596.62
2|8 ReLU sampling 0.00 0.00 0.00 950.29
2|8 GELU T1 2.48 4.27 2.60 39.31
2|8 GELU T2-Tr 0.23 8.45 1.17 268.13
2|8 GELU PTPE 0.26 2.13 0.31 1718.57
2| 8 GELU 1d-T1 2.48 4.26 2.60 2596.36
218 GELU 1d-T2-Tr 0.22 7.56 1.11 2603.03
2|8 GELU 1d-T2-GC 0.22 5.52 0.90 2618.94
21 8 GELU sampling 0.00 0.00 0.00 972.65
2|8 tanh T1 3.44 10.33 3.94 27.29
2| 8 tanh T2-Tr 0.76 21.02 2.60 234.01
2|8 tanh PTPE 0.24 241 0.40 1720.36
218 tanh 14-T1 3.44 10.32 3.94 2597.27
2|8 tanh 14-T2-Tr 0.73 20.06 2.16 2602.33
2| 8 tanh 1d-T2-GC 0.73 14.63 2.08 2618.38
2|8 tanh sampling 0.00 0.00 0.00 968.20
2| 8 sigmoid T1 7.19 62.37 9.01 27.34
2|8 sigmoid T2-Tr 2.14 91.70 6.10 234.22
2| 8 sigmoid PTPE 305.03 122.96 305.73 1721.21
2|8 sigmoid 14-T1 7.19 62.34 9.01 2584.22
2|8 sigmoid 14-T2-Tr 2.00 80.24 5.37 2562.52
2|8 sigmoid 1d-T2-GC 2.01 57.32 6.23 2576.11
21 8 sigmoid | sampling 0.00 0.00 0.00 967.34
318 ReLU T1 5.30 3.59 5.40 47.23
3|8 ReLU T2-Tr 5.93 4.99 6.06 297.10
318 ReLU PTPE 0.04 1.30 0.17 2653.37
318 ReLU 14-T1 5.30 3.59 5.40 3466.59
318 ReLU 14-T2-Tr 5.93 4.35 6.07 3477.16
318 ReLU 1d-T2-GC 5.93 3.66 6.03 3494.04
318 ReLU sampling 0.00 0.00 0.00 891.58
318 GELU T1 4.36 56.20 5.56 39.76
318 GELU T2-Tr 2.20 61.96 4.57 226.72
318 GELU PTPE 0.27 7.47 0.61 1403.80
318 GELU 14-T1 4.36 56.18 5.56 1825.33
318 GELU 1d-T2-Tr 2.09 59.30 4.48 1834.27
318 GELU 1d-T2-GC 2.13 67.18 4.44 1848.42
318 GELU sampling 0.00 0.00 0.00 758.15
318 tanh T1 6.77 62.25 8.88 25.30
318 tanh T2-Tr 2.54 95.78 7.20 185.30
318 tanh PTPE 0.61 8.76 1.30 1422.48
318 tanh 14-T1 6.77 62.22 8.87 1855.49
318 tanh 14-T2-Tr 2.68 88.62 6.41 1862.23
318 tanh 1d-T2-GC 2.67 65.06 7.01 1873.40
31 8 tanh sampling 0.00 0.00 0.00 756.95
318 sigmoid T1 26.58 578.80 37.01 25.32
318 sigmoid T2-Tr 28.97 2358.61 37.73 185.22
318 sigmoid PTPE 394.08 577.48 397.29 1419.23
318 sigmoid 14-T1 26.58 578.66 37.003 1849.25
318 sigmoid 14-T2-Tr 26.43 1937.33 32.88 1861.18
318 sigmoid 1d-T2-GC 30.17 1949.68 54.60 1873.34
31 8 sigmoid | sampling 0.00 0.00 0.00 756.14
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Table 19: Citeseer Dataset: Moment Propagation in Terms of Lo-norm || - ||, Wasserstein distance Ws, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
21 4 ReLU T1 2.61 0.43 2.67 45.89
2| 4 ReLU T2-Tr 2.92 0.49 2.98 292.71
21 4 ReLU PTPE 0.02 NaN 0.02 886.60
2| 4 ReLU 14-T1 2.61 0.43 2.67 1061.58
21 4 ReLU 1d-T2-Tr 2.92 0.46 2.98 1061.40
2| 4 ReLU 1d-T2-GC 2.92 0.43 2.97 1065.85
2| 4 ReLU sampling 0.00 0.00 0.00 984.36
2| 4 GELU T1 0.26 0.06 0.26 46.87
21 4 GELU T2-Tr 0.003 0.09 0.04 293.31
2| 4 GELU PTPE 0.11 0.05 0.11 886.29
21 4 GELU 14-T1 0.26 0.06 0.26 1060.91
21 4 GELU 1d-T2-Tr 0.003 0.09 0.04 1061.34
2| 4 GELU 1d-T2-GC 0.003 0.07 0.04 1065.79
2| 4 GELU sampling 0.00 0.00 0.00 986.34
2| 4 tanh T1 0.33 0.09 0.34 38.57
214 tanh T2-Tr 0.004 0.15 0.10 270.09
2| 4 tanh PTPE 0.15 0.06 0.15 886.40
21 4 tanh 1d-T1 0.33 0.09 0.34 1059.04
2| 4 tanh 14-T2-Tr 0.004 0.13 0.09 1062.53
214 tanh 1d-T2-GC 0.01 0.10 0.09 1065.66
2| 4 tanh sampling 0.00 0.00 0.00 985.40
21 4 sigmoid T1 0.26 0.08 0.26 38.60
2| 4 sigmoid T2-Tr 0.004 0.11 0.06 272.92
21 4 sigmoid PTPE 96.50 1.61 96.54 886.97
2| 4 sigmoid 14-T1 0.26 0.08 0.26 1059.69
21 4 sigmoid | 1d-T2-Tr 0.003 0.10 0.06 1061.85
2| 4 sigmoid | 1d-T2-GC 0.004 0.08 0.06 1066.57
21 4 sigmoid | sampling 0.00 0.00 0.00 984.33
3| 4 ReLU T1 2.87 0.35 2.90 40.35
314 ReLU T2-Tr 3.04 0.37 3.07 228.24
31| 4 ReLU PTPE NaN NaN NaN 643.43
314 ReLU 14-T1 2.87 0.35 2.90 729.36
3| 4 ReLU 14-T2-Tr 3.04 0.37 3.07 739.41
314 ReLU 1d-T2-GC 3.04 0.35 3.07 736.34
314 ReLU sampling 0.00 0.00 0.00 836.34
3| 4 GELU T1 0.18 0.04 0.18 41.55
314 GELU T2-Tr 0.003 0.05 0.03 232.61
3| 4 GELU PTPE 0.07 0.03 0.07 646.93
3| 4 GELU 14-T1 0.18 0.04 0.18 735.88
31 4 GELU 1d-T2-Tr 0.002 0.04 0.03 733.48
314 GELU 1d-T2-GC 0.003 0.04 0.03 733.47
3| 4 GELU sampling 0.00 0.00 0.00 838.56
3| 4 tanh T1 0.26 0.07 0.26 30.78
31 4 tanh T2-Tr 0.01 0.10 0.07 203.65
31| 4 tanh PTPE 0.20 0.04 0.20 652.74
31 4 tanh 14-T1 0.26 0.07 0.26 729.68
3| 4 tanh 1d-T2-Tr 0.01 0.07 0.05 748.63
314 tanh 1d-T2-GC 0.01 0.06 0.05 748.57
314 tanh sampling 0.00 0.00 0.00 837.24
314 sigmoid T1 1.57 2.96 1.75 30.87
3| 4 sigmoid T2-Tr 0.25 4.27 0.94 200.55
314 sigmoid PTPE 214.54 18.63 214.80 644.87
314 sigmoid 1d-T1 1.57 2.96 1.75 724.48
314 sigmoid | 1d-T2-Tr 0.13 3.95 0.76 729.56
314 sigmoid | 1d-T2-GC 0.15 3.07 0.82 736.92
3| 4 sigmoid | sampling 0.00 0.00 0.00 840.61
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Table 20: Chameleon Dataset: Moment Propagation in Terms of Lo-norm || - ||2, Wasserstein distance W5, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
218 ReLU T1 26.97 43.60 27.06 45.44
2|8 ReLU T2-Tr 29.09 50.18 29.20 245.65
2|8 ReLU PTPE 0.13 11.95 0.50 947.64
2|8 ReLU 14-T1 26.97 43.73 27.06 1346.22
2|8 ReLU 1d-T2-Tr 29.09 49.41 29.20 1350.01
2|8 ReLU 1d-T2-GC 29.09 113.70 29.24 1358.06
2|8 ReLU sampling 0.00 0.00 0.00 346.94
2|8 GELU T1 6.96 152.06 9.11 46.23
2|8 GELU T2-Tr 2.76 171.76 5.81 245.09
2|8 GELU PTPE 0.71 13.48 0.85 947.21
2|8 GELU 14-T1 6.96 152.06 9.11 1345.35
2|8 GELU 14-T2-Tr 3.04 175.68 5.95 1349.08
2|8 GELU 1d-T2-GC 3.07 184.62 6.59 1357.35
21 8 GELU sampling 0.00 0.00 0.00 351.57
2|8 tanh T1 7.16 161.07 11.34 24.84
218 tanh T2-Tr 2.97 172.54 9.38 236.003
2|8 tanh PTPE 0.44 13.24 1.12 948.91
218 tanh 1d-T1 7.16 160.32 11.32 1344.91
2|8 tanh 14-T2-Tr 3.68 158.15 9.06 1349.40
218 tanh 1d-T2-GC 3.69 77.80 6.91 1357.62
2|8 tanh sampling 0.00 0.00 0.00 347.31
218 sigmoid T1 5.34 36.88 6.03 24.85
21 8 sigmoid T2-Tr 1.83 57.16 4.30 235.99
218 sigmoid PTPE 186.44 255.76 187.01 948.15
2|8 sigmoid 14-T1 5.34 36.56 6.03 1346.12
218 sigmoid 1d-T2-Tr 1.59 44.87 3.86 1349.63
2|8 sigmoid 1d-T2-GC 1.94 44.78 4.22 1357.78
21 8 sigmoid | sampling 0.00 0.00 0.00 347.20
318 ReLU T1 67.66 77.78 67.83 66.79
318 ReLU T2-Tr 68.65 81.27 68.83 331.64
318 ReLU PTPE 0.07 7.84 0.53 1573.37
318 ReLU 1d-T1 67.66 7.7 67.83 1970.13
318 ReLU 14-T2-Tr 68.65 81.45 68.84 1977.55
318 ReLU 1d-T2-GC 68.65 77.27 68.82 1990.30
318 ReLU sampling 0.00 0.00 0.00 353.37
318 GELU T1 12.42 1259.12 18.01 67.32
318 GELU T2-Tr 7.93 1293.84 16.49 331.27
318 GELU PTPE 0.87 51.58 1.68 1573.54
318 GELU 14-T1 12.42 1258.17 18.004 1969.13
318 GELU 1d-T2-Tr 7.79 1282.83 16.15 1977.88
318 GELU 1d-T2-GC 7.81 1414.02 14.70 1988.42
3|8 GELU sampling 0.00 0.00 0.00 357.63
318 tanh T1 7.07 58.94 7.65 43.14
318 tanh T2-Tr 2.12 108.40 5.84 309.53
318 tanh PTPE 0.79 6.27 0.93 1573.44
318 tanh 14-T1 7.07 58.69 7.65 1969.62
318 tanh 14-T2-Tr 2.18 105.62 5.59 1976.53
318 tanh 1d-T2-GC 2.18 71.38 4.10 1988.27
3|8 tanh sampling 0.00 0.00 0.00 354.11
318 sigmoid T1 4.27 100.33 6.68 43.18
318 sigmoid T2-Tr 2.67 107.08 5.91 309.68
318 sigmoid PTPE 210.05 223.86 210.82 1575.11
318 sigmoid 14-T1 4.27 98.30 6.62 1968.94
318 sigmoid 14-T2-Tr 2.82 65.45 3.89 1977.15
318 sigmoid 1d-T2-GC 4.07 136.32 5.21 1988.98
3|8 sigmoid | sampling 0.00 0.00 0.00 354.03
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Table 21: Squirrel Dataset: Moment Propagation in Terms of Lo-norm || - ||, Wasserstein distance W5, and
Runtime T with Varying Number of Layers L, Nonlinear Activation Function, and Method.

L | fi | activation | method | [|g — gumcll2 | D= > yollr | WaWN,Nue) | T (seconds)
21 4 ReLU T1 3.90 0.50 3.93 384.89
2| 4 ReLU T2-Tr 3.98 0.50 4.01 1969.39
21 4 ReLU PTPE 0.02 0.05 0.04 3313.58
2| 4 ReLU 1d-T1 3.90 0.50 3.93 3749.34
21 4 ReLU 1d-T2-Tr 3.98 0.51 4.01 3760.08
214 ReLU 1d-T2-GC 3.98 0.50 4.01 3770.32
2| 4 ReLU sampling 0.00 0.00 0.00 1743.86
2| 4 GELU T1 0.40 0.74 0.42 384.67
21 4 GELU T2-Tr 0.02 0.77 0.14 1957.38
2| 4 GELU PTPE 0.24 0.15 0.24 3312.75
21 4 GELU 1d-T1 0.40 0.74 0.42 3749.33
2| 4 GELU 14-T2-Tr 0.02 0.78 0.13 3753.40
2 4 GELU 1d-T2-GC 0.02 1.10 0.17 3765.10
2| 4 GELU sampling 0.00 0.00 0.00 1744.38
2| 4 tanh T1 3.46 27.69 5.14 257.53
214 tanh T2-Tr 5.29 65.07 6.04 2048.23
2| 4 tanh PTPE 0.37 2.82 0.64 3319.05
21 4 tanh 1d-T1 3.46 27.66 5.14 3754.48
2| 4 tanh 1d-T2-Tr 5.08 63.12 5.93 3756.05
214 tanh 1d-T2-GC 5.08 74.24 9.17 3767.23
2| 4 tanh sampling 0.00 0.00 0.00 1744.30
21 4 sigmoid T1 2.07 4.03 2.80 268.29
2| 4 sigmoid T2-Tr 0.82 7.15 2.41 2134.51
21 4 sigmoid PTPE 43.33 11.97 43.56 3333.05
2| 4 sigmoid 14d-T1 2.07 4.04 2.80 3751.95
21 4 sigmoid | 1d-T2-Tr 0.77 5.32 2.08 3815.69
2| 4 sigmoid | 1d-T2-GC 0.95 5.23 1.96 3844.56
21 4 sigmoid | sampling 0.00 0.00 0.00 1743.07
3| 4 ReLU T1 20.46 24.99 20.78 507.09
314 ReLU T2-Tr 20.52 21.92 20.79 2463.28
31| 4 ReLU PTPE NaN NaN NaN 4283.26
314 ReLU 1d-T1 20.46 25.00 20.78 4715.82
3| 4 ReLU 14-T2-Tr 20.55 14.43 20.76 4722.99
314 ReLU 1d-T2-GC 20.55 18.23 20.81 4737.29
3| 4 ReLU sampling 0.00 0.00 0.00 1768.75
314 GELU T1 0.36 0.17 0.36 508.64
3| 4 GELU T2-Tr 0.01 0.22 0.08 2470.05
314 GELU PTPE 0.17 0.11 0.17 4279.99
3| 4 GELU 14-T1 0.36 0.17 0.36 4714.39
31 4 GELU 1d-T2-Tr 0.01 0.19 0.09 4723.64
3| 4 GELU 1d-T2-GC 0.01 0.32 0.06 4739.72
3| 4 GELU sampling 0.00 0.00 0.00 1767.51
3| 4 tanh T1 4.78 88.01 8.42 375.59
31 4 tanh T2-Tr 7.64 88.12 8.19 2505.17
31| 4 tanh PTPE 0.74 8.18 1.39 4285.40
3| 4 tanh 14-T1 4.78 88.00 8.42 4719.42
3| 4 tanh 14-T2-Tr 3.06 114.68 8.21 4722.58
314 tanh 1d-T2-GC 3.10 185.11 11.31 4738.42
314 tanh sampling 0.00 0.00 0.00 1764.62
314 sigmoid T1 4.89 79.50 8.99 524.99
3| 4 sigmoid T2-Tr 9.37 145.30 10.90 3193.72
314 sigmoid PTPE 124.63 68.63 125.09 4360.26
314 sigmoid 1d-T1 4.89 79.47 8.99 4708.11
314 sigmoid | 1d-T2-Tr 5.12 101.86 6.74 4720.08
314 sigmoid | 1d-T2-GC 13.32 509.08 17.92 4733.75
3| 4 sigmoid | sampling 0.00 0.00 0.00 1756.82
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Table 22: Cornell Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number

of hidden dimensions, pZaiL. and p&AL . are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e5mL, and €S, are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pEinh | pEiar | elmt. | eEhny | TTP™L | TCRn C
ReLU sample 0.85 0.99 0.0053 | 0.1845 | 20.09 | 588.74 188
GELU sample 0.51 1.00 0.0030 | 0.1677 | 21.73 | 593.24 392
tanh sample 0.48 0.97 0.0005 | 0.1595 | 21.67 | 581.17 | 3091

sigmoid sample 0.90 1.00 0.0042 | 0.1888 | 20.11 | 568.81 107
ReLU PTPE 0.00 0.99 NaN 0.1845 3.26 588.74 188
GELU PTPE 0.51 1.00 0.0030 | 0.1677 3.24 593.24 392
tanh PTPE 0.48 0.97 0.0005 | 0.1595 3.45 581.17 | 3091

sigmoid PTPE 0.90 1.00 0.0046 | 0.1888 3.45 568.81 107

ReLU 1d-T2-GC 0.77 0.99 0.0054 | 0.1845 1.60 588.74 188
GELU 1d-T2-GC 0.51 1.00 0.0030 | 0.1677 1.51 593.24 392
tanh 1d-T2-GC 0.44 0.97 0.0005 | 0.1595 1.59 581.17 | 3091
sigmoid | 1d-T2-GC 0.87 1.00 0.0042 | 0.1888 1.57 568.81 107

ReLU T1 0.86 0.99 0.0052 | 0.1845 3.74 588.74 188
GELU T1 0.51 1.00 0.0030 | 0.1677 3.77 593.24 | 392
tanh T1 0.48 0.97 0.0005 | 0.1595 3.26 581.17 | 3091
sigmoid T1 0.90 1.00 0.0042 | 0.1888 3.18 568.81 107
ReLU sample 0.28 1.00 0.0011 | 0.1426 | 21.60 | 565.81 | 7489
GELU sample 0.23 0.98 0.0003 | 0.1428 | 24.12 | 590.97 | 12192
tanh sample 0.48 1.00 0.0006 | 0.1692 | 22.40 | 563.48 | 1009
sigmoid sample 0.93 1.00 0.0042 | 0.1868 | 21.35 | 564.62 120
RelU PTPE 0.28 1.00 0.0011 | 0.1426 4.02 565.81 7489
GELU PTPE 0.24 0.98 0.0003 | 0.1428 4.15 590.97 | 12192
tanh PTPE 0.48 1.00 0.0006 | 0.1692 4.25 563.48 | 1009
sigmoid PTPE 0.78 1.00 0.0055 | 0.1868 4.24 564.62 120
ReLU 1d-T2-GC 0.28 1.00 0.0011 | 0.1426 2.74 565.81 | 7489
GELU 1d-T2-GC 0.25 0.98 0.0003 | 0.1428 2.74 590.97 | 12192
tanh 1d-T2-GC 0.48 1.00 0.0006 | 0.1692 2.89 563.48 | 1009
sigmoid | 1d-T2-GC 0.90 1.00 0.0042 | 0.1868 2.79 564.62 120
ReLU T1 0.28 1.00 0.0012 | 0.1426 3.80 565.81 | 7489
GELU T1 0.24 0.98 0.0003 | 0.1428 3.96 590.97 | 12192
tanh T1 0.48 1.00 0.0006 | 0.1692 3.49 563.48 | 1009
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sigmoid T1 0.93 1.00 0.0042 | 0.1868 3.39 564.62 120
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Table 23: Wisconsin Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the
number of hidden dimensions, pZAnl. and p&A. . are the percentage of nodes for which a positive radius could
be certified with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, LAl and
eg']fﬁ%T are the average robustness radius among nodes with a positive robustness radius using Theorem 1 or
Cohen’s method respectively, T7"™! and T¢"" the runtime for computing radii using Theorem 1 or Cohen’s

method, for the former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pZhmh | pShna, | eLhml. | Sl | TThmL | pChn C
RelLU sample 0.52 1.00 0.0005 | 0.1917 21.81 562.23 1292
GELU sample 0.84 0.99 0.0028 | 0.2044 | 24.09 | 580.86 169
tanh sample 0.50 0.98 0.0000 | 0.1749 | 22.07 | 556.01 | 31269

sigmoid sample 0.59 0.97 0.0001 | 0.1728 | 22.38 | 569.72 | 17104
ReLU PTPE 0.00 1.00 NaN 0.1917 3.66 562.23 1292
GELU PTPE 0.84 0.99 0.0028 | 0.2044 3.63 580.86 169
tanh PTPE 0.52 0.98 0.0000 | 0.1749 3.85 556.01 | 31269

sigmoid PTPE 0.54 0.97 0.0001 | 0.1728 4.06 569.72 | 17104

ReLU 1d-T2-GC 0.35 1.00 0.0005 | 0.1917 2.05 562.23 1292

GELU 1d-T2-GC 0.84 0.99 0.0028 | 0.2044 2.08 580.86 169

tanh 1d-T2-GC 0.42 0.98 0.0001 | 0.1749 2.20 556.01 | 31269
sigmoid | 1d-T2-GC 0.45 0.97 0.0001 | 0.1728 2.14 569.72 | 17104

ReLU T1 0.52 1.00 0.0006 | 0.1917 3.88 562.23 1292
GELU T1 0.84 0.99 0.0028 | 0.2044 3.94 580.86 169
tanh T1 0.60 0.98 0.0001 | 0.1749 3.55 556.01 | 31269
sigmoid T1 0.63 0.97 0.0001 | 0.1728 3.55 569.72 | 17104
ReLU sample 0.33 1.00 0.0001 | 0.1619 23.11 594.57 | 16622
GELU sample 0.19 0.93 0.00001 | 0.1256 | 26.73 | 594.60 | 556421
tanh sample 0.42 1.00 0.0002 | 0.1758 | 23.90 | 582.89 5339
sigmoid sample 1.00 1.00 0.0135 | 0.2076 | 23.64 | 584.04 40
ReLU PTPE 0.00 1.00 NaN 0.1619 3.95 594.57 | 16622
GELU PTPE 0.19 0.93 0.00001 | 0.1256 4.15 594.60 | 556421
tanh PTPE 0.43 1.00 0.0002 | 0.1758 4.07 582.89 5339
sigmoid PTPE 1.00 1.00 0.0143 | 0.2076 4.09 584.04 40

ReLU 1d-T2-GC 0.34 1.00 0.0001 | 0.1619 2.39 594.57 | 16622

GELU 1d-T2-GC 0.22 0.93 0.00001 | 0.1256 2.49 594.60 | 556421

tanh 1d-T2-GC 0.44 1.00 0.0002 | 0.1758 2.58 582.89 5339
sigmoid 1d-T2-GC 0.94 1.00 0.0135 | 0.2076 2.33 584.04 40

RelLU T1 0.36 1.00 0.0001 | 0.1619 3.99 594.57 | 16622
GELU T1 0.25 0.93 0.00001 | 0.1256 4.14 594.60 | 556421
tanh T1 0.47 1.00 0.0002 | 0.1758 3.65 582.89 5339

ORI Rt RO SU IO U U U SC SRR SRV CH CH CR CH CECH CR O CE R CE OO ORI o
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sigmoid T1 1.00 1.00 0.0134 | 0.2076 3.55 584.04 40
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Table 24: Texas Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number of

hidden dimensions, pZAmL. and p&hn. . are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e5mL. and €S, are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pEinh | pEiar | elmt. | eEhny | TTP™L | TCRn C
ReLU sample 0.50 0.99 0.0022 | 0.1434 | 20.89 | 572.29 | 2553
GELU sample 0.58 1.00 0.0026 | 0.1393 | 22.12 | 570.39 131
tanh sample 0.69 1.00 0.0092 | 0.1474 | 20.48 | 553.35 84

sigmoid sample 0.85 1.00 0.0172 | 0.1603 | 21.28 | 556.76 19
ReLU PTPE 0.00 0.99 NaN 0.1434 3.33 572.29 | 2553
GELU PTPE 0.58 1.00 0.0026 | 0.1393 3.30 570.39 131
tanh PTPE 0.69 1.00 0.0092 | 0.1474 3.48 553.35 84

sigmoid PTPE 0.86 1.00 0.0151 | 0.1603 3.48 556.76 19

ReLU 1d-T2-GC 0.51 0.99 0.0022 | 0.1434 1.70 572.29 | 2553

GELU 1d-T2-GC 0.58 1.00 0.0026 | 0.1393 1.71 570.39 131

tanh 1d-T2-GC 0.69 1.00 0.0093 | 0.1474 1.60 553.35 84
sigmoid | 1d-T2-GC 0.85 1.00 0.0173 | 0.1603 1.58 556.76 19

ReLU T1 0.51 0.99 0.0022 | 0.1434 3.85 572.29 | 2553
GELU T1 0.58 1.00 0.0026 | 0.1393 3.89 570.39 131
tanh T1 0.69 1.00 0.0093 | 0.1474 3.26 553.35 84
sigmoid T1 0.85 1.00 0.0173 | 0.1603 3.48 556.76 19
ReLU sample 0.73 1.00 0.0014 | 0.1556 | 21.16 | 566.97 | 692
GELU sample 0.46 1.00 0.0003 | 0.1436 | 23.74 | 574.26 | 13731
tanh sample 0.43 0.99 0.0005 | 0.1347 | 21.39 | 561.55 | 5755
sigmoid sample 0.71 1.00 0.0003 | 0.1444 | 21.36 | 570.01 | 7666
ReLU PTPE 0.00 1.00 NaN 0.1556 3.27 566.97 | 692
GELU PTPE 0.45 1.00 0.0003 | 0.1436 3.35 574.26 | 13731
tanh PTPE 0.44 0.99 0.0005 | 0.1347 3.56 561.55 | 5755
sigmoid PTPE 0.71 1.00 0.0002 | 0.1444 3.57 570.01 | 7666
ReLU 1d-T2-GC 0.69 1.00 0.0013 | 0.1556 1.73 566.97 | 692

GELU 1d-T2-GC 0.46 1.00 0.0003 | 0.1436 1.81 574.26 | 13731
tanh 1d-T2-GC 0.43 0.99 0.0005 | 0.1347 1.85 561.55 | 5755
sigmoid | 1d-T2-GC 0.65 1.00 0.0003 | 0.1444 1.86 570.01 | 7666

ReLU T1 0.74 1.00 0.0014 | 0.1556 3.82 566.97 692
GELU T1 0.46 1.00 0.0003 | 0.1436 3.94 574.26 | 13731
tanh T1 0.43 0.99 0.0005 | 0.1347 3.28 561.55 | 5755
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sigmoid T1 0.73 1.00 0.0003 | 0.1444 3.30 570.01 | 7666
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Table 25: Cora Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number of

hidden dimensions, pZAmL. and p&hn. . are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e5mL. and €S, are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pZinh | p&ir, | eLhml. | Shn | TTh™! T C
RelU sample 0.76 1.00 0.0057 | 0.0672 | 959.62 | 581.58 | 314
GELU sample 0.65 1.00 0.0018 | 0.0663 | 982.21 | 592.35 | 1630
tanh sample 0.66 1.00 0.0015 | 0.0667 | 976.96 | 574.51 | 1402

sigmoid sample 0.57 1.00 0.0005 | 0.0658 | 976.47 | 573.74 | 4388
ReLU PTPE 0.76 1.00 0.0057 | 0.0672 | 1689.16 | 581.58 | 314
GELU PTPE 0.65 1.00 0.0018 | 0.0663 | 1727.50 | 592.35 | 1630
tanh PTPE 0.66 1.00 0.0015 | 0.0667 | 1728.77 | 574.51 | 1402

sigmoid PTPE 0.56 1.00 0.0005 | 0.0658 | 1729.76 | 573.74 | 4388

RelLU 1d-T2-GC 0.76 1.00 0.0057 | 0.0672 | 2604.90 | 581.58 314
GELU 1d-T2-GC 0.65 1.00 0.0018 | 0.0663 | 2627.91 | 592.35 | 1630
tanh 1d-T2-GC 0.66 1.00 0.0015 | 0.0667 | 2626.78 | 574.51 | 1402
sigmoid | 1d-T2-GC 0.56 1.00 0.0005 | 0.0658 | 2584.98 | 573.74 | 4388

RelU T1 0.76 1.00 0.0057 | 0.0672 45.97 581.58 314
GELU T1 0.65 1.00 0.0018 | 0.0663 48.04 592.35 | 1630
tanh T1 0.66 1.00 0.0015 | 0.0667 35.65 574.51 | 1402
sigmoid T1 0.56 1.00 0.0005 | 0.0658 36.17 573.74 | 4388
RelLU sample 0.72 1.00 0.0042 | 0.0671 | 901.00 | 607.11 507
GELU sample 0.68 1.00 0.0015 | 0.0670 | 767.37 | 617.05 | 2351
tanh sample 0.63 1.00 0.0004 | 0.0655 | T767.38 | 609.40 | 8258
sigmoid sample 0.58 0.99 0.0001 | 0.0652 | 765.92 | 614.30 | 46994
RelLU PTPE 0.72 1.00 0.0042 | 0.0671 | 2662.52 | 607.11 507
GELU PTPE 0.68 1.00 0.0015 | 0.0670 | 1412.53 | 617.05 | 2351
tanh PTPE 0.64 1.00 0.0004 | 0.0655 | 1431.74 | 609.40 | 8258
sigmoid PTPE 0.59 0.99 0.0001 | 0.0652 | 1428.09 | 614.30 | 46994
RelLU 1d-T2-GC 0.72 1.00 0.0042 | 0.0671 | 3504.19 | 607.11 507
GELU 1d-T2-GC 0.68 1.00 0.0015 | 0.0670 | 1857.08 | 617.05 | 2351
tanh 1d-T2-GC 0.63 1.00 0.0004 | 0.0655 | 1882.71 | 609.40 | 8258
sigmoid | 1d-T2-GC 0.57 0.99 0.0001 | 0.0652 | 1882.18 | 614.30 | 46994
RelLU T1 0.72 1.00 0.0042 | 0.0671 56.02 607.11 507
GELU T1 0.69 1.00 0.0015 | 0.0670 48.69 617.05 | 2351
tanh T1 0.63 1.00 0.0004 | 0.0655 34.17 609.40 | 8258
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sigmoid T1 0.59 0.99 0.0001 | 0.0652 34.41 614.30 | 46994
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Table 26: Citeseer Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number

of hidden dimensions, pZaiL. and p&AL . are the percentage of nodes for which a positive radius could be certified

with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, e5mL, and €S, are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pZinh | p&hi, | eLhml. | &hn | TThmL | pChn C
ReLU sample 0.86 1.00 0.0133 | 0.0714 | 995.82 | 605.56 84
GELU sample 0.85 1.00 0.0058 | 0.0718 | 996.88 | 610.76 | 210
tanh sample 0.86 1.00 0.0149 | 0.0718 | 996.25 | 597.80 81

sigmoid sample 0.87 1.00 0.0121 | 0.0716 | 995.11 | 598.43 98
RelLU PTPE 0.00 1.00 NaN 0.0714 | 896.98 | 605.56 84
GELU PTPE 0.85 1.00 0.0058 | 0.0718 | 896.23 | 610.76 | 210
tanh PTPE 0.86 1.00 0.0149 | 0.0718 | 896.22 | 597.80 81

sigmoid PTPE 0.83 1.00 0.0074 | 0.0716 | 896.83 | 598.43 98

ReLU 1d-T2-GC 0.86 1.00 0.0133 | 0.0714 | 1076.12 | 605.56 84
GELU 1d-T2-GC 0.85 1.00 0.0058 | 0.0718 | 1076.02 | 610.76 | 210
tanh 1d-T2-GC 0.86 1.00 0.0149 | 0.0718 | 1075.52 | 597.80 81
sigmoid | 1d-T2-GC 0.87 1.00 0.0121 | 0.0716 | 1077.40 | 598.43 98

ReLU T1 0.86 1.00 0.0133 | 0.0714 56.08 605.56 84
GELU T1 0.85 1.00 0.0058 | 0.0718 57.21 610.76 | 210
tanh T1 0.86 1.00 0.0149 | 0.0718 48.44 597.80 81
sigmoid T1 0.87 1.00 0.0121 | 0.0716 48.49 598.43 98
ReLU sample 0.84 1.00 0.0104 | 0.0710 | 846.39 | 622.06 90
GELU sample 0.90 1.00 0.0129 | 0.0720 | 849.25 | 607.22 97
tanh sample 0.88 1.00 0.0092 | 0.0719 | 848.17 | 607.46 | 122
sigmoid sample 0.78 1.00 0.0007 | 0.0708 | 851.80 | 612.37 | 1637
ReLU PTPE 0.00 1.00 NaN 0.0710 | 652.80 | 622.06 90
GELU PTPE 0.90 1.00 0.0129 | 0.0720 | 657.68 | 607.22 97
tanh PTPE 0.88 1.00 0.0092 | 0.0719 | 662.86 | 607.46 | 122
sigmoid PTPE 0.63 1.00 0.0004 | 0.0708 | 655.12 | 612.37 | 1637
ReLU 1d-T2-GC 0.84 1.00 0.0104 | 0.0710 | 745.66 | 622.06 90
GELU 1d-T2-GC 0.90 1.00 0.0129 | 0.0720 | 743.47 | 607.22 97
tanh 1d-T2-GC 0.88 1.00 0.0092 | 0.0719 | 758.73 | 607.46 | 122
sigmoid | 1d-T2-GC 0.78 1.00 0.0007 | 0.0708 | 747.14 | 612.37 | 1637
ReLU T1 0.84 1.00 0.0104 | 0.0710 49.74 622.06 90
GELU T1 0.90 1.00 0.0129 | 0.0720 52.10 607.22 97
tanh T1 0.88 1.00 0.0092 | 0.0719 40.90 607.46 | 122
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sigmoid T1 0.78 1.00 0.0007 | 0.0708 41.14 612.37 | 1637
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Table 27: Chameleon Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the
number of hidden dimensions, pZAnl. and p&A. . are the percentage of nodes for which a positive radius could
be certified with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, LAl and
eg']fﬁ%T are the average robustness radius among nodes with a positive robustness radius using Theorem 1 or
Cohen’s method respectively, T7"™! and T¢"" the runtime for computing radii using Theorem 1 or Cohen’s

method, for the former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | piph | pEiar | bt | &b | TTR™L | pChn C
ReLU sample 0.29 0.99 7.87e-07 | 0.0253 | 353.62 | 691.10 681087
GELU sample 0.08 0.99 6.23e-07 | 0.0217 | 358.33 | 621.52 1318627
tanh sample 0.20 0.99 2.20e-07 | 0.0219 | 354.14 | 620.90 3251464

sigmoid sample 0.19 0.98 4.06e-07 | 0.0243 | 353.89 | 616.34 1593721
ReLU PTPE 0.29 0.99 8.00e-07 | 0.0253 | 953.68 | 691.10 681087
GELU PTPE 0.07 0.99 6.81e-07 | 0.0217 | 953.25 | 621.52 1318627
tanh PTPE 0.20 0.99 2.23e-07 | 0.0219 | 955.27 | 620.90 3251464

sigmoid PTPE 0.33 0.98 6.12e-07 | 0.0243 | 954.58 | 616.34 1593721

ReLU 1d-T2-GC 0.26 0.99 6.48e-07 | 0.0253 | 1364.00 | 691.10 681087
GELU 1d-T2-GC 0.08 0.99 6.14e-07 | 0.0217 | 1363.57 | 621.52 1318627
tanh 1d-T2-GC 0.22 0.99 2.18e-07 | 0.0219 | 1363.82 | 620.90 3251464
sigmoid | 1d-T2-GC 0.16 0.98 4.45e-07 | 0.0243 | 1364.03 | 616.34 1593721

ReLU T1 0.26 0.99 6.58e-07 | 0.0253 51.47 | 691.10 681087
GELU T1 0.08 0.99 6.26e-07 | 0.0217 52.26 621.52 1318627
tanh T1 0.21 0.99 2.22e-07 | 0.0219 31.14 620.90 3251464
sigmoid T1 0.18 0.98 4.11e-07 | 0.0243 31.22 616.34 1593721
ReLU sample 0.09 0.99 5.72e-08 | 0.0234 | 360.09 | 641.33 | 14021955
GELU sample 0.09 0.96 1.31e-08 | 0.0217 | 364.84 | 643.32 | 105156296
tanh sample 0.09 0.98 3.15e-08 | 0.0217 | 360.80 | 634.00 | 25991014
sigmoid sample 0.32 1.00 1.54e-08 | 0.0245 | 361.33 | 634.02 | 65930444
ReLU PTPE 0.09 0.99 5.77e-08 | 0.0234 | 1579.50 | 641.33 | 14021955
GELU PTPE 0.09 0.96 1.29e-08 | 0.0217 | 1579.88 | 643.32 | 105156296
tanh PTPE 0.10 0.98 3.14e-08 | 0.0217 | 1579.72 | 634.00 | 25991014
sigmoid PTPE 0.40 1.00 1.33e-08 | 0.0245 | 1581.50 | 634.02 | 65930444

ReLU 1d-T2-GC 0.09 0.99 6.27e-08 | 0.0234 | 1996.44 | 641.33 | 14021955
GELU 1d-T2-GC 0.09 0.96 1.31e-08 | 0.0217 | 1994.79 | 643.32 | 105156296
tanh 1d-T2-GC 0.09 0.98 3.07e-08 | 0.0217 | 1994.45 | 634.00 | 25991014
sigmoid | 1d-T2-GC 0.34 1.00 1.53e-08 | 0.0245 | 1995.38 | 634.02 | 65930444

ReLU T1 0.09 0.99 6.25e-08 | 0.0234 72.96 641.33 | 14021955
GELU T1 0.09 0.96 1.30e-08 | 0.0217 73.72 643.32 | 105156296
tanh T1 0.09 0.98 3.02e-08 | 0.0217 49.32 634.00 | 25991014

WWWWWWwWwWwWwwWwwwWwwwWNNNNNDNNNDNNDDNNDN NN NN
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sigmoid T1 0.33 1.00 1.58e-08 | 0.0245 49.57 634.02 | 65930444
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Table 28: Squirrel Dataset: Certified Adversarial Robustness Radii. L is the number of layers, f; is the number
of hidden dimensions, pZaiL, and p&AL. . are the percentage of nodes for which a positive radius could be certified
with Theorem 1 (Thm1) in our manuscript and Cohen’s method (Chn) respectively, €Ll and €S are the
average robustness radius among nodes with a positive robustness radius using Theorem 1 or Cohen’s method
respectively, T7"™1 and T¢"" the runtime for computing radii using Theorem 1 or Cohen’s method, for the

former we include the time it takes to estimate the moments. Time is reported in seconds.

activation | method | pZhmb. | p&hn, | eZhmil. | &hno, | TTh™L TChn C
RelLU sample 0.69 1.00 0.0000 | 0.0342 | 1753.84 | 675.65 8724
GELU sample 0.58 1.00 4.44e-06 | 0.0339 | 1755.14 | 649.10 | 67495
tanh sample 0.37 1.00 9.83e-07 | 0.0320 | 1754.68 | 645.46 | 258934

sigmoid sample 0.50 1.00 2.04e-06 | 0.0323 | 1753.59 | 649.44 | 119309
ReLU PTPE 0.69 1.00 0.0000 | 0.0342 | 3323.28 | 675.65 8724
GELU PTPE 0.58 1.00 4.43e-06 | 0.0339 | 3321.91 | 649.10 | 67495
tanh PTPE 0.37 1.00 9.86e-07 | 0.0320 | 3328.34 | 645.46 | 258934

sigmoid PTPE 0.60 1.00 2.29e-06 | 0.0323 | 3342.29 | 649.44 | 119309

ReLU 1d-T2-GC 0.69 1.00 0.0000 0.0342 | 3779.88 | 675.65 8724

GELU 1d-T2-GC 0.58 1.00 4.42e-06 | 0.0339 | 3774.32 | 649.10 67495

tanh 1d-T2-GC 0.37 1.00 1.01e-06 | 0.0320 | 3776.52 | 645.46 | 258934
sigmoid | 1d-T2-GC 0.50 1.00 2.14e-06 | 0.0323 | 3853.81 | 649.44 | 119309

ReLU T1 0.69 1.00 0.0000 0.0342 | 393.72 | 675.65 8724
GELU T1 0.58 1.00 4.43e-06 | 0.0339 | 393.91 | 649.10 67495
tanh T1 0.37 1.00 1.01e-06 | 0.0320 | 266.82 | 645.46 | 258934
sigmoid T1 0.51 1.00 2.13e-06 | 0.0323 | 277.53 | 649.44 | 119309
ReLU sample 0.44 0.99 1.42e-06 | 0.0315 | 1779.31 | 744.89 | 217879
GELU sample 0.59 1.00 4.06e-06 | 0.0346 | 1778.35 | 716.53 66101
tanh sample 0.27 0.99 5.20e-08 | 0.0311 | 1775.09 | 697.63 | 5752412
sigmoid sample 0.36 0.99 7.79e-08 | 0.0290 | 1767.01 | 726.68 | 3228206
ReLU PTPE 0.00 0.99 NaN 0.0315 | 4292.48 | 744.89 | 217879
GELU PTPE 0.59 1.00 4.06e-06 | 0.0346 | 4289.18 | 716.53 66101
tanh PTPE 0.26 0.99 5.21e-08 | 0.0311 | 4294.61 | 697.63 | 5752412
sigmoid PTPE 0.45 0.99 9.06e-08 | 0.0290 | 4369.06 | 726.68 | 3228206

ReLU 1d-T2-GC 0.42 0.99 1.27e-06 | 0.0315 | 4746.52 | 744.89 | 217879

GELU 1d-T2-GC 0.59 1.00 4.06e-06 | 0.0346 | 4748.83 | 716.53 66101

tanh 1d-T2-GC 0.27 0.99 5.15e-08 | 0.0311 | 4747.63 | 697.63 | 5752412
sigmoid | 1d-T2-GC 0.35 0.99 7.62e-08 | 0.0290 | 4742.58 | 726.68 | 3228206

ORI RSt S RO U U U U S R S SRR S RN Ol O O O CE U S O O O O O O R
NSV ST NS QO SV S QN QSO NSO N Y NN NSO NSO OSSO b S

ReLU T1 0.42 0.99 1.27e-06 | 0.0315 | 516.33 | 744.89 | 217879

GELU T1 0.59 1.00 4.06e-06 | 0.0346 | 517.79 | 716.53 66101

tanh T1 0.27 0.99 5.06e-08 | 0.0311 | 384.81 | 697.63 | 5752412
sigmoid T1 0.36 0.99 8.00e-08 | 0.0290 | 533.83 | 726.68 | 3228206

Table 29: Generalization Bounds on Real-world Data.

dataset L | empirical LHS | RHS | Cin FCD, M ps s K X
Cornell 2 51.043 647.14 22.82 51.04 | 0.81 | 0.85 95 38
Cornell 3 19.38 254.44 13.09 19.38 | 0.78 | 0.82 95 38
Wisconsin | 2 21.71 341.35 22.23 21.71 | 0.78 | 0.78 130 52
Wisconsin | 3 23.92 364.57 18.65 23.92 | 0.73 | 0.71 130 52
Texas 2 17.84 238.15 14.08 17.83 | 0.70 | 0.70 95 38
Texas 3 12.39 170.46 12.28 12.39 | 0.50 | 0.47 95 38
Cora 2 6.00 436.38 44.43 591 | 0.77 | 0.78 | 2502.5 | 715
Cora 3 6.01 432.61 45.01 5.83 | 0.76 | 0.78 | 2502.5 | 715
Citeseer 2 6.18 423.58 22.21 6.19 | 0.81 | 0.82 2709 903
Citeseer | 3 5.84 401.74 21.72 5.85 | 0.80 | 0.82 | 2709 903
Chameleon | 2 2.40 151.95 31.75 1.93 | 0.86 | 0.82 1525 610
Chameleon | 3 4.83 416.93 97.39 4.87 | 0.72 | 0.68 | 1525 610
Squirrel 2 2.15 155.54 18.00 1.71 | 0.92 | 0.94 | 3527.5 | 1411
Squirrel 3 1.98 136.03 18.69 1.42 | 0.85 | 0.89 | 3527.5 | 1411




